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Ces années de thèse ne fûrent pas seulement studieuses mais aussi sportives, et ce ne sont pas

1I am very grateful to Henri Darmon and Yingkun Li for accepting to be referees for my thesis, and to Claudia
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Chapter 1
Introduction

The common theme of this thesis is the study of the cohomology of some locally symmetric spaces

in relation to theta and Eisenstein series. In a first part (Chapters 3 and 4) we consider a locally

symmetric spaceMK associated to an orthogonal group and Kudla-Millson theta series. In a second

part (Chapter 5) we consider the locally symmetric space associated to SL2(K) for an imaginary

quadratic field K and Harder’s Eisenstein cohomology. In both case the cohomology classes that

we work with can be constructed using a certain differential form due to Mathai and Quillen.

Part 1

Locally symmetric spaces associated to orthogonal groups. Before stating the results let

us explain the general setting. Let (XQ, Q) be a rational quadratic space of signature (p, q) and let

H := SO(Q) be its orthogonal group. Let

D :=
{
z ⊂ XR oriented

∣∣ dim(z) = q, Q
∣∣
z
< 0

}
be the space of oriented negative q-planes in XR = XQ ⊗R. It is a non-connected symmetric space

of dimension pq, and we denote by D+ one of its two connected components. In low dimensions the

space D+ can for example be identified with R>0 when (p, q) = (1, 1), with H when (p, q) = (2, 1)

or with H×H when (p, q) = (2, 2). We will consider the latter example in Section 4.4.

Let H(R)+ be the connected component of the identity of H(R). It acts transitively on D+, so

that we can identify H(R)+/K∞ with D+, where K∞ is a maximal compact connected subgroup

of H(R)+ that is isomorphic to SO(p)× SO(q). Let φf ∈ S (XAf ) be a finite Schwartz function on

XAf = XQ ⊗Q Af , which is Kf -invariant for some open compact Kf ⊂ H(Af ) i.e.

φf (kx) = φf (x) ∀k ∈ Kf , ∀x ∈ XAf .
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The space we want to study is the double coset space

MK := H(Q)\H(A)/K (1.0.1)

where K := K∞Kf . It is known [PR94, Theorem. 5.1] that the double coset H(Q)+\H(Af )/Kf is

finite, so that we can find representatives h1, . . . , hr ∈ H(Af ) such that

H(Af ) =
r⊔
i=1

H(Q)+hiKf . (1.0.2)

The space MK is a disjoint union

MK =

r⊔
i=1

Mhi

of locally symmetric spaces Mh := Γh\D+ of dimension pq, where Γh is the image in Had(Q) =

H(Q)/Z(Q) of

Γ′
h := H(Q)+ ∩ hKfh

−1.

Note that Γ′
h ⊂ H(Q)+ preserves the set Lh(φf ) in XQ defined by

Lh(φf ) :=
{
x ∈ XQ|φf (h−1x) ̸= 0

}
.

If φf is the characteristic function of an adelic lattice, then Lh(φf ) is a lattice in XQ

In general MK is non-compact and we let MK be a compactification. To simplify the notation,

suppose for the rest of the introduction that r = 1 and let Γ = Γh for h = 1. In that case, the

subgroup Γ ⊂ H(Q)+ preserves L(φf ) = XQ ∩ supp(φf ) and MK = Γ\D+ is connected.

Remark 1.0.1. The decomposition (1.0.2) holds for an arbitrary algebraic group H. When Kf =

H(Ẑ), then the integer cl(H) := r is called the class number of H. When H is the orthogonal group

of a quadratic form Q defined over Z, one can show [PR94, p. 450] that the class number of H

equals the number of classes in the genus of Q. In particular we have r > 1 in general. However

the assumption r = 1 is still reasonable. For example in the special case that we will consider in

Subsection 4.4 we will have r = 1. This is due to a special isomorphism between H and SL2×SL2,

and to the strong approximation of SL2.

Special cycles. For every positive vector x ∈ XQ there is a totally geodesic submanifold D+
x ⊂ D+

of codimension q, consisting of the negative q-planes that are orthogonal to x. For example if

(p, q) = (2, 1) then D+
x is a geodesic in H and if (p, q) = (2, 2) then D+

x is an embedded upper half
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plane in H×H.

When passing to the quotient MK , the submanifold D+
x ⊂ D+ defines a relative cycle Cx ∈

Zpq−q(MK , ∂MK ;R) of codimension q and

Cn(φf ) :=
∑

x∈Γ\XQ
Q(x,x)=2n

φf (x)Cx ∈ Zpq−q(MK , ∂MK ;R)

for n ∈ Q>0. We call them special cycles.

The Kudla-Millson form. Let S (XR) be the space of Schwartz function on XR. The group

H(R)+ acts on S (XR) by (hf)(x) := f(h−1x). Let Γx denote the stabilizer of x in Γ. We can view

Γx\D+ as a rank q vector bundle over Γx\D+
x , so that the natural embedding Γx\D+

x ⊂ Γx\D+ is

the zero section.

In [KM86], Kudla and Millson construct a closed H(R)+-invariant differential form

φKM ∈
[
Ωq(D+)⊗ S (XR)

]H(R)+
,

where H(R)+ acts on the Schwartz space S (XR) as above and on Ωq(D+)⊗ S (XR) by

h · (ω ⊗ f) := h∗ω ⊗ (h−1f).

In particular φKM (x) is a Γx-invariant form on D+ and we can view it as a form on Γx\D+.

The main property of the Kudla-Millson form is its Thom form property: if ω ∈ Ωqc(Γx\D+) is a

compactly supported form, then∫
Γx\D+

φKM (x) ∧ ω = 2−
q
2 e−πQ(x,x)

∫
Γx\D+

x

ω.

Another way to state it is to say that as cohomology classes in Hq(Γx\D+) we have

[φKM (x)] = 2−
q
2 e−πQ(x,x) PD(Γx\D+

x ), (1.0.3)

where PD(Γx\D+
x ) denotes the Poincaré dual of Γx\D+

x .

The Kudla-Millson theta lift. In [KM86; KM87; KM90], Kudla and Millson used the form

φKM and the work of Weil [Wei64] on theta series to construct a closed differential form

ΘKM (τ, φf ) ∈ Ωq(MK)
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where τ ∈ H. It represents a cohomology class in Hq(MK ;R) and can be paired with a (compact)

cycle C ∈ Zq(MK ;R). They showed that the function

τ 7−→
∫
C
ΘKM (τ, φf ) (1.0.4)

is a holomorphic modular form of weight p+q
2 . Hence, the Kudla-Millson theta series realizes a lift

between the (co)-homology of Γ\D+ and the space of weight p+q
2 modular forms. We recall the

construction in more detail in Section 2.2. Moreover, we have the Fourier expansion∫
C
ΘKM (τ, φf ) = κ

∑
n∈Q≥0

(∫
C
Θn(φf )

)
e2iπnτ ,

where Θn(φf ) ∈ Ωq(MK) is a Poincaré dual to Cn(φf ) when n > 0 and

κ :=

2 if − 1 ∈ Kf ∩H(Q)+,

1 otherwise.
(1.0.5)

Since C is compact, the Fourier coefficients are equal to the topological intersection numbers〈
Cn(φf ), C

〉
and ∫

C
ΘKM (τ, φf ) =

∫
C
Θ0(φf ) + κ

∑
n∈Q>0

〈
Cn(φf ), C

〉
e2iπnτ . (1.0.6)

The work of Kudla-Millson holds in much greater generality: their construction also works for

Siegel modular forms instead of modular forms, and for unitary groups instead of orthogonal groups.

1.1 Kudla-Millson form and the Mathai-Quillen formalism

The goal of Chapter 3 is to show how to recover the Kudla-Millson form from a construction due

to Mathai and Quillen [MQ86]. Let E be the tautological bundle over D+, whose fiber Ez above

z ∈ D+ is the negative q-plane z itself. We equip this bundle with the metric −Q
∣∣
z
in every fiber,

which makes it a metric bundle. It is an H(R)+-equivariant vector bundle of rank q over D+ and

we denote by E0 the image of the zero section. Since it is H(R)+-equivariant it is in particular

Γx-equivariant and we also have a vector bundle Γx\E over Γx\D+. The Thom class of the vector

bundle is a characteristic class

Th(Γx\E) ∈ Hq(Γx\E,Γx\(E − E0))
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defined by the Thom isomorphism; see Section 2.1.3 for more details. Equivalently, viewing it as a

class in Hq(Γx\E), it is also the Poincaré dual class to Γx\E0. If sx : Γx\D+ −→ Γx\E is a section

whose zero locus is Γx\D+
x , then

s∗xTh(Γx\E) ∈ Hq
(
Γx\D+,Γx\(D+ − D+

x )
)
.

Viewing it as a class in Hq(Γx\D+) it is the Poincaré dual class of Γx\D+
x . Since the Poincaré dual

class is unique, property (1.0.3) implies that

[φKM (x)] = 2−
q
2 e−πQ(x,x)s∗xTh(Γx\E) ∈ Hq

(
Γx\D+

)
,

on the level of cohomology.

For arbitrary oriented real Euclidean vector bundles equipped with a Euclidean connection ∇,

Mathai and Quillen [MQ86] used the Chern-Weil theory to construct a canonical form representing

the Thom class. We call such forms Thom forms. In particular we can apply this to the bundle

Γx\E and we denote by UMQ ∈ Ωq(Γx\E) the canonical Thom form of Mathai and Quillen. After

pulling it back by sx we obtain a form s∗xUMQ ∈ Ωq(Γx\D+). The main result of Chapter 3 relates

this form to the Kudla-Millson form.

Theorem A. (Theorem 3.2.5) We have φKM (x) = 2−
q
2 e−πQ(x,x)s∗xUMQ in Ωq(Γx\D+).

For signature (2, q), the spaces are hermitian and the result was obtained by a similar method in

[Gar18] using the work of Bismut-Gillet-Soulé.

1.2 Diagonal restriction of Eisenstein series

The starting point of the work presented in Chapter 4 is a result of Darmon-Pozzi-Vonk, that relates

the diagonal restriction of an Eisenstein series to intersection numbers of geodesics. Let ψ be a finite

order totally odd Hecke character on the narrow class group Cl(F )+ of a real quadratic field F of

discriminant dF . To such a character one can associate an Eisenstein series E(τ1, τ2, ψ) which is a

Hilbert modular form of parallel weight 1 and level SL2(O). Its diagonal restriction E(τ, τ, ψ) is a

modular form of weight 2 and level SL2(Z). As such, it is zero, since this is the only such form.

Instead one can look at the p-stabilization E(p)(τ1, τ2, ψ) for some prime p. The diagonal restriction

E(p)(τ, τ, ψ) is now a form of weight 2 and level Γ0(p). Moreover, it is non-zero when p is split.

Suppose that p is a split prime and let Y0(p) be the modular Γ0(p)\H. To a fractional ideal a in

F and a square root r of dF modulo p one can associate a closed geodesic Qa,r in Y0(p). Let Q(ψ)
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be the 1-cycle defined by

Q(ψ) :=
∑

[a]∈Cl(F )+

ψ(a)(Qa,r +Qa,−r) ∈ Z1(Y0(p)),

and let Q(0,∞) be the image in Y0(p) of the geodesic joining 0 to ∞. The following identity is

proved in [DPV21, Theorem. A]

E(p) (τ, τ, ψ) = L(p)(ψ, 0)− 2
∞∑
n=1

〈
Q(0,∞), TnQ(ψ)

〉
e2iπnτ (1.2.1)

where L(p)(ψ, 0) = (1−ψ(p))(1−ψ(pσ))L(ψ, 0) and Tn is a Hecke operator defined by double cosets.

In loc. cit. the equality (1.2.1) is proved by computing the intersection numbers and comparing

them with the Fourier coefficients of E(p)(τ, τ, ψ). Having the construction of Kudla-Millson in mind

it is very tempting to ask the following question.

Question. Can we recover equality (1.2.1) by the Kudla-Millson lift?

The goal of Chapter 4 is to positively answer this question and to generalize the result of

Darmon-Pozzi-Vonk to totally real fields. For this we construct a relative cycle C ⊗ ψ that is a

torus on MK , and such that the integral of the Kudla-Millson theta series over this cycles gives the

diagonal restriction of the Eisenstein series.

A space of signature (N,N). At first glance, by comparing Equations (1.0.6) and (1.2.1), one

could think that we need to work with the symmetric space H associated to the orthogonal group

of signature (2, 1). However the correct setting that we need is a locally symmetric associated to a

space of signature (2, 2) and exploiting the special isomorphism between D+ and H×H mentionned

earlier. For the generalization a space of signature (N,N), defined as follows.

Let F be a totally real field of degree N with ring of integers O. Let X0
F = F 2 be the 2-

dimensional quadratic F -space with the quadratic form Q0(x,y) = xy′ + x′y where x = (x, x′) and

y = (y, y′) are vectors in F 2. At a place v of Q let FQv := FQ ⊗ Qv, where we write FQ instead

of F to emphasize that we view F as a Q-algebra. We fix a Q-basis of F that identifies FQ with

QN . Let XQ := ResF/QX
0
F = F 2

Q be the 2N -dimensional quadratic Q-space with the quadratic

form Q := trF/QQ
0. The real space XR is of signature (N,N). Let MK be the associated double

coset space defined in (1.0.1), where Kf is preserving a finite Schwartz function φf ∈ S (XAf ), and

consider the Kudla-Millson theta series ΘKM (τ, φf ) ∈ ΩN (MK).

A non-compact cycle C⊗ψ. Let ψ : F×\A×
F −→ U(1) be a unitary totally odd Hecke character

of finite order. To simplify the notation let us suppose in the introduction that ψ is unramified.

Hence the finite part of the Hecke character can be viewed as a character on the narrow class group,
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as in the beginning of (1.2).

Let SO(F 2) ⊂ GL2(F ) be the orthogonal group of the quadratic space X0
F = F 2 with the

quadratic form defined above. The map

F× −→ SO(F 2)

t 7−→

(
t 0

0 t−1

)

yields an isomorphism SO(F 2) and F×. On the other hand the group SO(F 2) can naturally be

embedded in SO(F 2
Q) ⊂ GL2N (Q) by restriction of scalars. Composing the two and passing to the

adèles gives an embedding

h : A×
F ↪−→ SO(F 2

A) ⊂ GL2N (A),

where F 2
A = F 2

Q ⊗Q A. For Kf large enough we have h(Ô×) ⊂ Kf and the embedding h induces an

immersion

MO −→MK , (1.2.2)

where

MO := F×\A×
F /{±1}N−1 × Ô×.

The space MO is not connected. There is a bijection between classes in the narrow class group

Cl(F )+ and connected components of MO . More precisely it can be written as a disjoint union

MO =
⊔

[a]∈Cl(F )+

Γ\RN>0

where Γ := O×,+ are the totally positive units in O. The connected components are N -dimensional

tori. The image by the immersion (1.2.2) of the connected component corresponding to the class

[a] ∈ Cl(F )+ defines a cycle relative to the boundary

Ca ∈ ZN (MK , ∂MK ;R).

We twist it by the Hecke character ψ to obtain a relative cycle

C ⊗ ψ :=
∑

[a]∈Cl(F )+

ψ(a)Ca ∈ ZN (MK , ∂MK ;R),
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where we view ψ as a character on the ray class group.

Limitations of the work of Kudla-Millson. The integral of ΘKM (τ, φf ) along a compact cycle

is a modular form of weight N whose Fourier coefficients are intersection numbers. If we replace

the compact cycle by an arbitrary non-compact cycle C, then the results of Kudla and Millson do

not apply and the following problem may arise. First the integral (1.0.4) might diverge. Secondly,

even if the integral does converge the resulting function in τ can be non-holomorphic. This is for

example what happens in [Fun02]: the Kudla-Millson theta series associated to a quadratic space of

signature (1, 2) is integrated over the whole modular curve and the resulting integral converges to a

non-holomorphic modular form. Thirdly, it is not immediate that the Fourier coefficients
∫
C Θn(φf )

can be interpreted as an intersection number between the two non-compact cycles Cn(φf ) and C,

since a priori such a number is not well-defined; see Remark 2.2.3.

In our case, the integral of ΘKM (τ, φf ) over C ⊗ ψ does not converge, but can be regularized

by adding a parameter ts and isolating some singular terms, as it is done in [Kud82]. Moreover,

although the cycles C⊗ψ and Cn(φf ) are both non-compact we show that the intersection number〈
Cn(φf ), C ⊗ ψ

〉
in MK is well-defined, see (4.3.14). Recall that C ⊗ ψ is a torus of dimension N

and Cn(φf ) of codimension N .

Eisenstein series and diagonal restriction. For a Hecke character ψ as above and a finite

Schwartz function ϕf ∈ S (F 2
A,f ) we can define an Eisenstein series

E(τ1, . . . , τN , ϕf , ψ) = E(τ1, . . . , τN , ϕf , ψ, s)
∣∣
s=0

by analytic continuation, where (τ1, . . . , τN ) ∈ HN . It is a Hilbert modular form of parallel weight

1. If we take τ = τ1 = · · · = τN , then the diagonal restriction

τ 7−→ E(τ, . . . , τ, ϕf , ψ)

is a modular form of weight N .

Let l1 and l2 be the isotropic lines spanned by the isotropic vectors e1 :=
t(1, 0) and e2 :=

t(0, 1)

in F 2. For a Schwartz function on XAf ≃ F 2
Af let φ1 and φ2 in S (FA,f ) be the restriction of φf to

l1 and l2.

Theorem B. (Theorem 4.3.12) Let φf ∈ S (XAf ) be any Schwartz function such that φ1 or φ2

vanishes. The regularized integral

2N−1

∫
C⊗ψ

ΘKM (τ, φf )

is the diagonal restriction of E(τ1, . . . , τN , ϕf , ψ), where ϕf = Fφf is a partial Fourier transform
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of φf . Moreover, the diagonal restriction has the Fourier expansion

E(τ, . . . , τ, ϕf , ψ) = ζf (φ1, ψ
−1, 0) + ζf (φ2, ψ, 0) + (−1)N2N−1κ

∑
n∈Q>0

〈
Cn(φf ), C ⊗ ψ

〉
e2iπnτ ,

where ζf is a zeta integral (see 4.1.3) and κ is 1 or 2 as in (1.0.5).

The intersection takes place in MK and is between the N -dimensional cycle C ⊗ψ of dimension

N and the cycle Cn(φf ) of codimension N (and dimension N2 − N). The constant term consists

of the values at s = 0 of the analytic continuation of two zeta functions converging on two disjoint

half planes Re(s) > 1 and Re(s) < −1. Hence the condition of vanishing of φ1 or φ2 is used to

make sure that one of the two terms is zero and that an analytic continuation exists.

A seesaw. The theta series ΘKM (τ, φf ) is a theta kernel for the dual pair SL2(Q) × SO(F 2
Q).

The cycle C ⊗ ψ is a tori obtained from the group embedding F× ⊂ SO(F 2
Q). On the other hand

the diagonal restriction of the Hilbert modular form E(τ1, . . . , τN , ϕf , ψ) comes from the diagonal

embedding of SL2(Q) in SL2(F ). Hence this theorem can be summarized by the following see-saw

diagram

SO(F 2
Q) SL2(F )

F× SL2(Q),

that relates the theta kernel ΘKM (τ, φf ) to a theta kernel for F× × SL2(F ).

Specialization to quadratic fields. In Section 4.4 we specialize to the case where F is a

quadratic field, to recover the result from Darmon-Pozzi-Vonk. In this case we can identify F 2
Q

with Mat2(Q), where Mat2(Q) is the quadratic space of 2 by 2 matrices with the quadratic form

2det. It is a space of signature (2, 2) and we already mentioned that in this case D+ can be inden-

tified with H×H. Moreover, we can choose K such that MK is isomorphic to a product of modular

curves Y0(p)× Y0(p).

Suppose that p is split. Each root r of DF modulo p gives an isomorphism O ≃ Z2, which gives

two different classes C±r ⊗ ψ. In this setting the relative cycle

Cr ⊗ ψ + C−r ⊗ ψ ∈ Z2

(
Y0(p)

2
, ∂Y0(p)

2
)
,

is equal to Q(ψ)×Q(∞, 0) where the boundary is given by

∂Y0(p)
2
= Y0(p)× ∂Y0(p) ∪ ∂Y0(p)× Y0(p).

For an appropriate choice of Schwartz function φ
(p)
f ∈ S (Mat2(Af )), the special cycles Cn(φ

(p)
f ) are
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correspondences in Y0(p)× Y0(p) and we have

〈
Cn(φ

(p)
f ), C ⊗ ψ

〉
=
〈
Q(0,∞), TnQ(ψ)

〉
.

Moreover, if ϕ(p) ∈ S (A2
F ) be the partial Fourier transform of φ(p), then

E(p)(τ, τ, ψ) := E
(
τ, τ, ϕ

(p)
f , ψ

)
is the p-stabilization considered earlier. In that way we recover the result from Darmon-Pozzi-Vonk,

see Corollary 4.4.12.1

Remark 1.2.1. Note that in our result there is a constant 4 in front of the non-constant Fourier

coefficients, which differs from the factor 2 in loc. cit.. This is due to the absence of the factor κ

there; see Remark 4.4.7 for more details.

Part 2

In Chapter 5 we consider the symmetric space YΓ associated to SL2(K) where K/Q is an

imaginary quadratic field. Let O be its ring of integers, that we suppose to have no non-trivial

units. Let YΓ := Γ\H3 where H3 is the hyperbolic 3-space on which Γ := SL2(O) acts. It is a

non-compact space and let XΓ be the Borel-Serre compactification with boundary ∂XΓ.

1.3 Denominators of Eisenstein cohomology

The inclusion YΓ ↪−→ XΓ is a homotopy equivalence, hence H1(YΓ;C) can be identified with

H1(XΓ;C). By restriction to the boundary we get a map

res : H1(YΓ;C) −→ H1(∂XΓ;C),

whose kernel is the interior (or cuspidal) cohomology that we denote by H1
! (YΓ;C). It can be

identified with the image of the compactly supported cohomology H1
c (YΓ;C) inside H1(YΓ;C). The

Eisenstein cohomology H1
Eis(YΓ;C) is a complement to the cuspidal cohomology, so that we have a

splitting

H1(YΓ;C) = H1
! (YΓ;C)⊕H1

Eis(YΓ;C).

Let ψ be an unramified algebraic Hecke character of infinity type z2, taking values in a finite

extension Fψ of K. The Eisenstein cohomology is the image of Im(res) ⊂ H1(∂XΓ;C) by Harder’s
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Eisenstein map

Eisψ : Im(res) −→ H1(YΓ;C).

In [BCG20; BCG21] Bergeron-Charollois-Garcia use the Mathai-Quillen form to construct a Γ-

invariant differential form

Eψ ∈ Ω1(H3;C)Γ

on H3 that represents an Eisenstein class in the cohomology H1
Eis(YΓ;C). More generally, they

define this form on the symmetric space associated to SLN (K) and with non-trivial coefficients. In

the case that we consider (N = 2 and no coefficients) these differential forms already appear in the

work of Ito [Ito87]. This form defines a cocycle Eψ ∈ H1(Γ,C) by

Eψ(γ) =

∫ γu0

u0

Eψ

where u0 is a point in H3. For a lattice L in K define the Sczech cocycle ΦL : Γ −→ C by

ΦL

(
a b

c d

)
:=

I
(
a+d
c

)
E2(L)−D(a, c, L) if c ̸= 0,

I
(
b
d

)
E2(L) if c = 0,

where E2(L) is an Eisenstein series andD(a, c, L) a Dedekind sum; see Section 5.1 for the definitions.

The two cocycles are related by

Eψ =
∑

a∈Cl(K)

ψ(a)−1Φa. (1.3.1)

The equality is proved by using the idea of [BCG21] to move the path of integration [u0, γu0] to

infinity. More precisely, choose a cusp v of YΓ and let [v, γ−1v] be the modular symbol joining the

two cusps v and γ−1v. There is a homotopy between [u0, γu0] and [v, γ−1v]; see Figure 5.3. The

integral along the modular symbol [v, γ−1v] gives the Dedekind sum, whereas the term I
(
a+d
c

)
E2(a)

is a contribution from the cusps. Note that this formula already appears in the work of Ito [Ito87,

Theorem. 3].

We can use Ito’s formula to deduce integrality results about the Eisenstein cohomology. Sczech

proved that the cocycle 2ΦL is integral if the Eisenstein series g2(L) and g3(L) are algebraic integers,

see Proposition 5.3.4. Let Lalg(ψ, 0) be a normalization of L(ψ, 0) so that it is an algebraic number.

Let Kψ be an extension of K containing the image of ΦL, the value Lalg(ψ, 0) and the field Fψ; let

Oψ be the ring of integers of Kψ. Harder showed that the Eisψ map is rational i.e. it restricts to a
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map

Eisψ : Im(res) ∩H1(∂XΓ;Kψ) −→ H1(YΓ;Kψ).

We are interested in the restriction to the integral coefficients:

Eisψ : Im(res) ∩ H̃1(∂XΓ;Oψ) −→ H1(YΓ;Kψ), (1.3.2)

where H̃1(−;Oψ) denotes the torsion-free part of the cohomology and is identified with

Im
(
H1(−;Oψ) −→ H1(−;C)

)
.

We may wonder if the Eisenstein map is also integral, in the sense that the image of (1.3.2) lies in

H̃1(YΓ;Oψ). We define the denominator δKψ(Eisψ) of the Eisenstein cohomology to be the fractional

ideal such that the image of the map (1.3.2) multiplied by the denominator lies in H̃1(YΓ;Oψ). In

particular if the denominator is Oψ then the Eisenstein map is integral. A conjecture of Harder (in

a much more general setting) relates the denominator of Eisenstein cohomology to special values of

L-functions. We prove the following.

Theorem C. (Theorem 5.3.5) Suppose that K has class number 1. We have the upper bound (in

the sense of divisibility) on the denominator

2Lalg(ψ, 0)Oψ ⊂ δKψ(Eisψ).

On the other hand, Berger [Ber08] gives a lower bound of the denominator, so that in some cases

we get the exact denominator; see Subsection 5.3.4.

For the moment we only prove Theorem 5.3.5 for class number 1 and without coefficients. The

more general case of arbitrary class number and arbitrary coefficients should be accessible with the

same idea. Moreover, in principle it should also be possible to prove similar results for SLN (K); see

remark below.

Remark 1.3.1. In their work, Bergeron-Charollois-Garcia [BCG21, Proposition. 3.1] use the Eisen-

stein class Eψ for SLN (K) to show a relation between a Dedekind sum and an integral along a closed

geodesic on the space associated to SLN (K). They consider a smoothed Eisenstein series in order to

make it rapidly decreasing at a cusp v. Hence they obtain a formula similar to (1.3.1) but without

any contributions from the cusps. In particular, by generalizing the proof of (1.3.1) to SLN (K) one

could obtain a generalization of Ito’s formula and of [BCG21]. In particular, this could also give

upper bounds on the denominator of the Eisenstein cohomology for SLN (K).
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2.1 Notations and generalities

In this section we fix some notations and collect a few facts that we will need.

2.1.1 Intersection numbers

LetM be an arbitrary oriented Riemannian manifold of dimension m, let qz denote the Riemannian

metric and o(TzM) ∈
∧m TzM the orientation at a point z ∈M . Let M1 and M2 be two immersed

oriented submanifolds of dimensions m1 and m2 such that m1+m2 = m, with orientations o(TzM1)

and o(TzM2). Let z be a point in the intersectionM1∩M2. We say that the intersection is transversal

if TzM = TzM1 ⊕ TzM2, equivalently if TzM1 ∩ TzM2 = 0. In this case o(TzM1) ∧ o(TzM2) is a

multiple of o(TzM) and we define

Iz(M1,M2) := sgn

(
o(TzM1) ∧ o(TzM2)

o(TzM)

)
.

Furthermore, if M1 ∩M2 is finite we define the topological intersection number

〈
M1,M2

〉
:=

∑
z∈M1∩M2

Iz(M1,M2).

Note that if one of the two submanifolds is compact, then the hypothesis is satisfied.

Viewing the Riemannian metric qz as a bilinear pairing on TzM we get a bilinear pairing∧k
TzM ⊗

∧k
TzM −→ R

v1 ∧ · · · ∧ vk ⊗ w1 ∧ · · · ∧ wk 7−→ det qz(vi, wj)ij

for every k ≥ 0. Let NzM1 = (TzM1)
⊥ be the normal space, which is the orthogonal complement

of TzM1 with respect to qz. We fix an orientation o(NzM1) of NzM1 via the rule

o(TzM1) ∧ o(NzM1) = o(TzM).

Lemma 2.1.1. The intersection number is given by

Iz(M1,M2) = sgn qz
(
o(TzM2), o(NzM1)

)
.

Proof. Let pz :
∧k

TzM −→
∧k

NzM1 be the orthogonal projection for any k ≥ 0. It induces an

isomorphism between NzM1 and TzM2 if and only if

TzM2 ∩ ker(pz) = TzM2 ∩ TzM1 = 0,
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that is precisely when M1 and M2 are transversal. Let v1, . . . , vm1 be a basis of TzM1 and

w1, . . . , wm2 be an orthogonal basis of TzM2. Let pz(w1), . . . , pz(wm2) be the orthogonal pro-

jection of this basis, giving a basis of NzM1. Suppose that the bases are ordered such that

o(TzM) = v1 ∧ · · · ∧ vm1 and o(TzM2) = w1 ∧ · · · ∧wm2 . A direct computation shows that since the

basis is orthogonal we have

pz(o(TzM2)) = pz(w1 ∧ · · · ∧ wm2) = pz(w1) ∧ · · · ∧ pz(wm2). (2.1.1)

On the hand, since
∧m2

NzM1 is one dimensional we have

pz(o(TzM2) = αzo(NzM1)

where

αz =
qz
(
o(TzM2), o(NzM1)

)
qz
(
o(NzM1), o(NzM1)

) .
Writing pz(wk) = wk + u some u ∈ TzM1 we see that

o(TzM1) ∧ pz(wk) = o(TzM1) ∧ wk

for every k. Hence

o(TzM1) ∧ o(TzM2) = o(TzM1) ∧ w1 ∧ · · · ∧ wm2

= o(TzM1) ∧ pz(w1) ∧ · · · ∧ pz(wm2)

= o(TzM1) ∧ pz(w1 ∧ · · · ∧ wm2)

= αzo(TzM1) ∧ o(NzM1)

= αzo(TzM).

Thus the intersection at z is given by

Iz(M1,M2) = sgnαz = sgn qz
(
o(TzM2), o(NzM1)

)
,

since qz
(
o(NzM1), o(NzM1)

)
> 0.

Note that when M1 and M2 are not transversal, then for one of the basis elements wk we have

pz(wk) = 0. Hence by (2.1.1) we have αz = 0.
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2.1.2 Poincaré duals

Let M be an m-dimensional oriented real manifold without boundary. The integration map yields

a non-degenerate pairing [BT82, Theorem. 5.11]

Hq(M)⊗R H
m−q
c (M) −→ R

[ω]⊗ [η] 7−→
∫
M
ω ∧ η,

where Hc denotes the cohomology of compactly supported forms. This yields the isomorphism

Hm−q
c (M)∨ ∼= Hq(M) (2.1.2)

where Hm−q
c (M)∨ = HomR(H

m−q
c (M),R) is the space of functionals. If C is an immersed subman-

ifold of M of codimension q, then it defines a linear functional on Hm−q
c (M) by

ω 7−→
∫
C
ω.

By the isomorphism (2.1.2) there is a unique cohomology class PD(C) ∈ Hq(M) representing this

functional i.e. ∫
M
ω ∧ PD(C) =

∫
C
ω

for every [ω] ∈ Hm−q
c (M). We call PD(C) the Poincaré dual class to C, and any differential form

representing the cohomology class PD(C) a Poincaré dual form to C. If C is compact, then PD(C)

is compactly supported. Let C and C ′ be immersed submanifolds of complementary dimensions

and let one of them be compact. Then∫
C
PD(C ′) =

∫
MK

PD(C ′) ∧ PD(C) =
〈
C ′, C

〉
,

where the right hand side is the topological intersection numbers.

2.1.3 Thom forms

Let π : E −→ M be an oriented vector bundle of rank q over a connected smooth manifold M .

Suppose that the vector bundle is Euclidean i.e. that it has a metric in every fiber that varies

smoothly over the base. Let D(E) be the closed disk bundle. If we have a closed (q + i)-form on E
whose support is contained in D(E), then it has compact support in the fiber and represents a class
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in Hq+i(E , E −D(E)). Fiber integration induces an isomorphism on the level of cohomology

Th: Hq+i(E , E −D(E)) −→ H i(M)

[ω] 7−→
∫
fiber

ω

known as the Thom isomorphism [BT82, Theorem. 6.17]. In particular H0(M) = R, and we call

the preimage of 1

Th(E) := Th−1(1) ∈ Hq(E , E −D(E))

the Thom class. Any differential form representating this class is called a Thom form. In particular

every closed q-form on E that has compact support in every fiber and whose integral along every

fiber is 1 is a Thom form. One can also show that the Thom class is the Poincaré dual class of the

zero section E0 in E .
Let ω ∈ Ωj(E) be a form on the bundle and let ωz be its restriction to a fiber Ez = π−1(z) for

some z ∈M . After identifying Ez with Rq we get a form ωz ∈ C∞(Rq)⊗∧j(Rq)∨. We say that ω is

rapidly decreasing in the fiber if ωz ∈ S (Rq) ⊗ ∧j(Rq)∨ for all z ∈ M and we write Ωjrd(E) for the
space of such forms. Let Hrd(E) the cohomology of the complex of rapidly decreasing forms. The

map

h : E −→ E

y −→ y√
1− ∥y∥2

is a diffeomorphism from the open disk bundle D(E)◦ onto E . It induces an isomorphism by pullback

h∗ : Hrd(E) −→ H(E , E −D(E)),

which commutes with the fiber integration. Hence we have an alternative version of the Thom

isomorphism

Hq+i
rd (E) −→ H i(M).

After choosing a connection ∇ compatible with the metric, a construction of Mathai and Quillen

[MQ86] produces a canonical Thom form

UMQ ∈ Ωqrd(E).

We will discuss this construction in Chapter 3.



22 Chapter 2. Background

2.1.4 Local fields

Let F = Q(λ) be a totally real field of degree N and let fλ be the minimal polynomial of λ. Let w

be a place of F and v a place of Q. Over Qv the (separable) minimal polynomial fλ of λ splits into

irreducible factors

fλ(x) =
∏
w|v

fw(x)

where the factors correspond to the places w dividing v [Neu99, Proposition. 8.2, p. 163]. For every

w let λw ∈ Qv be a root of fw and let Fw := Qv(λw). Let |x|w := nw
√
|N(x)|v be the valuation on

Fw that extends | · |v, where nw := deg(fw) is the degree of Fw over Qv. If w is finite we denote by

Ow its ring of integers, mw its unique maximal ideal, πw a uniformizer and qw the cardinality of the

residue field Ow/mw. If p is the prime ideal corresponding to a finite place w we will occasionally

replace the index w by p and write Fp,Op, | · |p, . . .
If v = p is finite, then by Hensel’s Lemma [Neu99, Proposition. 4.6, p. 129] there is an irreducible

polynomial Pw ∈ Z[x] such that

fw(x) ≡ Pw(x)
ew (mod p).

Hence the minimal polynomial of λ splits as

fλ(x) ≡
∏
w|v

Pw(x)
ew (mod p).

If O = Z[λ], then p splits as

pO =
∏
w|v

peww , (2.1.3)

where pw = Pw(λ)Z+ pZ; see [Neu99, Proposition. 8.3, p. 48].

2.1.5 Adèles

Let A :=
∏′

v
Qv be the ring of adèles A over Q, where the symbol ′ denotes the restricted product

with respect to Ẑ :=
∏
p Zp. This means that an adèle x = (x∞, x2, x3, x5, . . . ) ∈ A is a tuple of

elements xv ∈ Qv such that xp ∈ Zp for almost all primes p. The topology on this restricted product

has a basis of open set sets of the form

U∞ ×
∏
p∈S

Up ×
∏
p ̸∈S

Zp
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where S is a finite set of primes, and Uv is open in Qv for v ∈ S. With this topology it is a locally

compact group. The finite part of the adèles is Af :=
∏
pQp. Similarly, we define the adèles over a

number field F by AF :=
∏′

w
Fw which is the restricted product with respect to Ô :=

∏
w Ow.

Let H be a linear algebraic group over Q, that we view as a Q-closed subgroup of GLn for some

n. Let H(Zv) = H(Qv)∩GLn(Zv) and H(A) :=
∏′

v
H(Qv) be the restricted product with respect

to H(Ẑ) =
∏
vH(Zv). The topology is generated by open sets of the form

U∞ ×
∏
p∈S

Up ×
∏
p ̸∈S

H(Zp)

where S is a finite set of primes, and Uv is open in H(Qv) for v ∈ S. One example that we will

consider is the (multiplicative) group of idèles A× := GL1(A), the units of A. Similarly we define

H(AF ) if H is defined over F .

Let XQ be a Q-vector space and XQv = XQ ⊗Q Qv for every place v of Q. Let x1, . . . ,xn

be a basis of XQ and XZ = Zx1 + · · · + Zxn the Z-span of the basis; it is a lattice in XQ. Let

XẐ :=
∏
vXZv where XZv = XZ⊗ZZv. Then we define XA :=

∏′

v
XQv to be the restricted product

with respect to XẐ. Similarly if X is an F -vector space we can define XAF .

Let S (XQv) be the space of usual Schwartz functions on XQv ≃ Rn if v = ∞ and the space of

compactly supported and locally constant C-valued functions on XQp if v = p. In particular the

characteristic function 1XZp lies in S (XQp). We define the Schwartz space S (XA) to be the space

of finite linear combinations of functions φ =
∏
v φv where φv ∈ S (XQv) and φp = 1XZp for almost

all primes. In general, if we identify XQp with Qn
p then any Schwartz function φp is of the shape

φp =

N∑
i=1

ci1B
p−ki (xi)

where Bp−ki (xi) is the ball of radius p−ki and center xi. Here the norm on Qn
p is given by taking

the maximum of the p-adic norms of the components. Again this definition of Schwartz functions

extends analogously to an F -vector space.

For more on adèles and Schwartz-Bruhat functions see [PR94, Chapter. 5, page. 243], [Wei95],

[Bum97, Section. 3.1 , Section. 3.3] or more generally Tate’s thesis.

2.1.6 Haar measures

Let F be a totally real number field and Fw the completion at a place w. We identify Fw with its

dual F∨
w by the pairing trFw/Qv(xy) as in (4.1.1). We fix the additive complex character χQv on Qv
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defined by

χQv(x) :=

e2iπx if v = ∞

e−2iπ{x}p if v = p,

where {x}p is the fractional part of x in Qp. Let k be a finite algebra extension of Qv. We can

extend this character to a character χk on k by setting χk := χQv ◦ trk|Qv .
There is a unique choice of Haar measure dxw on Fw which is self dual with respect to χFw .

This is the Haar measure normalized such that vol(d−1
w ) = 1, where

d−1
w =

{
x ∈ Fw| trFw/Qv(xy) ∈ Zv for all y ∈ Ow

}
is the inverse different ideal. This is equivalent to vol(Ow) =

√
N(dw). We obtain a measure

dx :=
∏
w dxw on AF which satisfies vol(Ô) = d

− 1
2

F . For a function Φw ∈ S (Fw) let Φ
∨
w ∈ S (Fw)

be the Fourier transform defined by

Φ∨
w(t) :=

∫
AF

Φw(u)χw(−tu)du, (2.1.4)

where du is the self-dual measure. On A×
F we define the Haar measure

dt×w := mw
dtw
|tw|w

,

where mw = 1 if w is archimedean. If mw is non-archimedean then the mw will be choosen such

that vol×(Û(f)) = 1 where f will be the conductor of ψ.

2.1.7 Class groups

Let F be a number field of degree N . For an ideal f ⊂ O let If(F ) be the set of fractional ideals in

F coprime to f, and let Pf(F ) ⊂ If(F ) be the set of principal ideals. Let Pf(F )
+ ⊂ Pf(F ) be the set

of principal ideals whose generator is positive at all real places. Let Cl(F ) := IO(F )/PO(F ) be the

class group and Cl(F )+ := IO(F )/PO(F )
+ the narrow class group, whose cardinals we denote by h

and h+. We have an exact sequence

1 −→ O×/O×,+ −→ F×/F×,+ −→ Cl(F )+ −→ Cl(F ) −→ 1.
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If F has r real embedings and s pairs of complex embeddings (N = r + 2s) then [F× : F×,+] = 2r

and

h+ = h
2r

[O× : O×,+]
. (2.1.5)

We define the ray class groups

Clf(F ) := If(F )/Pf(F )

Clf(F )
+ := If(F )/Pf(F )

+.

Let now F be totally real. Define

Uw(f) :=

O×
w if w(f) = 0

1 + pw(f) if w(f) > 0.

and

Û(f) :=
∏
w<∞

Uw(f)

where the product is taken over all finite places w of F . Define the restricted product with respect

to the open compact subgroups O×
w

V̂ (f) :=
∏

w(f)>0

Uw(f)×
∏′

w(f)=0

F×
w ⊃ Û(f).

For any t ∈ A×
F,f it follows from the approximation theorem [Neu99, Theorem. 3.4, page. 117] that

we can find α ∈ F× such that

αtw ≡ 1 mod mw(f)
w if w(f) > 0,

|α|σ > 0 if σ archimedean.

Hence we have A×
F,f = F×,+V̂ (f). Let us write an element t in A×

F,f as λ(t)u(t) with λ(t) in F×,+

and u(t) in V̂ (f). The map

F×,+\A×
F,f −→ V̂ (f) ∩ F×,+\V̂ (f)

F×,+t 7−→ V̂ (f) ∩ F×,+u(t)
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is a well defined group isomorphism. Hence we also get an isomorphism

F×,+\A×
F,f/Û(f) −→ V̂ (f) ∩ F×,+\V̂ (f)/Û(f). (2.1.6)

For an ideal a ∈ If(F ) we define ta ∈ A×
F,f by

(ta)w =

π
w(a)
w if w(f) = 0

1 if w(f) > 0.

This depends on a choice of uniformizer πw but yields a well-defined group isomorphism

Clf(F )
+ −→ F×,+ ∩ V̂ (f)\V̂ (f)/Û(f)

[a] 7−→ F×,+ ∩ V̂ (f)taÛ(f). (2.1.7)

The composition of the maps (2.1.6) and (2.1.7) gives an isomorphism

Clf(F )
+ −→ F×,+\A×

F,f/Û(f).

2.1.8 Hecke characters and L-functions

Let F be a number field. Let A×
F be the idèles and

ψ : F×\A×
F −→ C×

be a finite order Hecke character. We can write ψ = ψ∞ ⊗ ψf where ψf : F
×\A×

F,f → C×. The

conductor of ψ is the largest ideal f ⊂ O such that ψf is trivial on

Û(f) =
∏′

w

Uw(f).

We say that ψ is unramified if the conductor is O i.e. ψf is trivial on Ô×. At an archimedean

places ψσ is given by

ψσ(t) = |tσ|aσ
(
tσ
|tσ|

)bσ
where aσ ∈ C and bσ ∈ {0, 1} if σ is real

bσ ∈ Z if σ is complex.
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In the case where F is totally real and ψ is unitary (so aσ = 0) we say that ψ is totally odd if bσ = 1

at all places.

Remark 2.1.1. The existence of totally odd characters implies that F does not contain a unit

κ ∈ O× of negative norm. Suppose it does, then in the narrow class group we have (κ) = O = 1.

Hence if ψ were totally odd we would have

1 = ψf ((κ)) = ψ∞(κ) =
∏
σ

sgn(κσ) =
NF/Q(κ)

|NF/Q(κ)|
= −1. (2.1.8)

The finite part of a Hecke character of conductor f can also be seen as a character

ψ : I(f) −→ C×

a 7−→ ψ(1, a)

such that at principal ideals in P+
f (F ) we have

ψ((α)) =
∏
σ

|σ(α)|aσ
(
σ(α)

|σ(α)|

)bσ
,

where the product is taken over all real places and pairs of complex embeddings. To such a character

we can attach an L-function

Lf(ψ, s) :=
∑

0̸=a⊆O
gcd(f,a)=1

ψ(a)

N(a)s
.

It converges for Re(s) > 1, admits a meromorphic continuation and a functional equation. Moreover,

it has the Euler product

Lb(ψ, s) =
∏

0̸=p⊂O prime
gcd(p,b)=1

Lp(ψ, s)

where the local factors are Lp(ψ, s) := (1 − ψ(p)N(p)−s)−1. For more on L-functions we refer to

[Iwa19] and [Bum97].

2.1.9 Theta kernels

The Weil representation. Let L be a number field (we will consider L = Q or L = F totally

real) and (XL, Q) be a 2m-dimensional quadratic space over L. Let (WL, B) be the symplectic
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space WL = XL ⊕XL with the symplectic form

B

((
x

x′

)
,

(
y

y′

))
= Q(x,y′)−Q(x′,y).

Let k be the completion of L at some place, let Xk := X ⊗L k and Wk :=WL⊗L k. Let χk : k
× −→

U(1) be the additive character defined in Subsection 2.1.6. Let

g =

(
g1 g2

g3 g4

)
∈ Sp(Wk) ⊂ GL(Wk)

with g1 and g4 in GL(Xk), and g2 and g3 in End(Xk). For φ ∈ S (Xk) we define the local (projective)

Weil representation [MVW87, p. 40]

ω : Sp(Wk) −→ U(S (Xk))

by the operator

ω(g)φ(x) :=

∫
Xk/ ker(g3)

φ(∗g1x+ ∗g3y) (2.1.9)

× χk

(
1

2
Q(∗g1x,

∗g2x) +Q(∗g2x,
∗g3y) +

1

2
Q(∗g3y,

∗g4y)

)
dµ(y),

where ∗g is defined by Q(gx,y) = Q(x, ∗gy). The Haar measure dµ(y) on Xk/ ker(g3) is the unique

one that makes this operator unitary with respect to the L2-norm on S (Xk). We can then extend

the local Weil representation to a global Weil representation S (XAL) of Sp(WAL).

The operator (2.1.9) only defines a projective representation in the sense that ω(g1g2) =

c(g1, g2)ω(g1)ω(g2) for some cocycle c(g1, g2) ∈ C× of norm 1; see [Rao93]. However, on some

subgroups the cocycle becomes trivial and we have a true representation of those subgroups.

Dual pairs and theta kernels. A dual pair (G,H) is a pair of subgroups G and H of Sp(WL)

that centralize each other in Sp(WL). This allows us to view G×H ⊂ Sp(WL) as a subgroup and

to restrict the Weil representation to this product. If φ ∈ S (XAL) is a Schwartz function we define

for (g, h) ∈ G(AL)×H(AL) the theta kernel

Θ(g, h, φ) :=
∑
x∈XL

ω(g, h)φ(x).
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Let F in C∞(H(L)\H(AL)) be an automorphic form on H. We consider the integral

I(g, φ, F ) :=

∫
H(L)\H(AL)

Θ(g, h, φ)F (h)dh,

which in general does not converge. If it does converge, then it defines a function I(φ, F ) on G,

which is an automorphic form on G by the work of Weil [Wei64]. We call it the theta lift of F .

The seesaw principle A seesaw pair is a pair of dual pairs (G0, H0) and (G,H) such that

H0 ⊂ H and G ⊂ G0. Such a pair is represented by a diagram

H G0

H0 G.

Let Θ0(g0, h0, φ) be the theta kernel associated to the dual pair (G0, H0). Both subgroups G×H

and G0 ×H0 can be restricted to the common subgroup G×H0. Hence we have

Θ0(g, h0, φ) = Θ(g, h0, φ).

Suppose we have an automorphic form F 0 on H0 and consider the theta lift

I0(g0, φ, F 0) :=

∫
H0(L)\H0(AL)

Θ(g0, h0, φ)F (h0)dh0,

which is an automorphic form on G0. The restriction I0(φ, F 0)
∣∣
G

of I0(g0, φ, F 0) to G is an

automorphic form. The restriction F
∣∣
H0 of F to H0 is an automorphic form on H0. We have the

equality

I0(φ, F
∣∣
H0)
∣∣
G
= I(φ, F ),

and we call it the see-saw principle.

Examples of dual pairs. We will be interested in a seesaw that is obtained by restriction of

scalars. It is the example (2.19) given by Kudla in [Kud84] and will be explained in Section 4.3.1

There are two types of dual pairs that will be involved in Chapter 4. Let k be one of the

completions of L and f1, . . . , f2m a k-basis of Xk. This basis identifies Wk with k4m, where the
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symplectic form (
0 A(Q)

−A(Q) 0

)

where A(Q) ∈ M2m(k) is the symmetric matrix (A(Q))ij = Q(fi, fj). In this basis the symplectic

group is given by

Sp(Wk) =

{
g ∈ GL4m(k)

∣∣∣∣∣tg
(

A(Q)

−A(Q)

)
g =

(
A(Q)

−A(Q)

)}
.

1. We view X as k2m with the quadratic form A(Q). We can embedd GL2m(k) ⊂ Sp(Wk) as

GL2m(k) ↪−→ Sp(Wk)

g 7−→

(
g

∗g−1

)
,

where

∗g := A(Q)−1 tgA(Q)

is as above. The centralizer of GL2m(k) is the center GL1(k) ⊂ GL2m(k), and we obtain

a dual pair GL2m×GL1 which we call the linear pair. The operator 2.1.9 defines a Weil

representation of GL2m(k)×GL1(k) on S (Xk) by

ωl(g, t)φ(x) = |det(gt)|
1
2φ (∗gtx) .

2. We can restrict the embedding to the orthogonal group of Xk

SO(Xk) ↪−→ Sp(Wk)

h 7−→

(
h 0

0 h

)
,
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since ∗h−1 = h. Its centralizer is isomorphic to SL2(k), embedded as follows

SL2(k) ↪−→ Sp(Wk)

(
a b

c d

)
7−→


a b

a b

c d

c d

 .

Hence the pair SO(Xk)×SL2(k) is the second example of dual pair, that we call the orthosym-

plectic pair. The restriction of the operators defined in (2.1.9) yields the Weil representation

on S (Xk) for the pair SL2(k)× SO(Xk):

ωos(g, h)φ(x) =
(
ωos(g, 1)φ

)
(h−1x),

ωos

((
1 b

1

)
, 1

)
φ(x) := χk

(
bQ(x,x)

2

)
φ(x), (2.1.10)

ωos

((
a

a−1

)
, 1

)
φ(x) := |a|mφ(ax), (2.1.11)

ωos (S, 1)φ(x) :=

∫
Xk

φ(y)χk (−Q(x,y)) dµ(y),

where S =

(
0 −1

1 0

)
.

The assumption that XL is even dimensional implies that the restriction of the projective rep-

resentation (2.1.9) defines a true representation on SL2(k)× SO(Xk). For more on the Weil repre-

sentation and the theta correspondence we refer to [Wei64], [Rao93], [LV80] and [MVW87].

2.2 Kudla-Millson form and special cycles

Let us now summarize the work of Kudla and Millson in the case of the dual pair SL2×SOV . For

more details we refer to [KM86], [KM87], [KM90] and [Kud97].

2.2.1 The symmetric space D+

Let (XQ, Q) be a rational quadratic space, let (p, q) be the signature of XR and H = SO(XQ) the

orthogonal group. Let e1, . . . , ep, ep+1, · · · , ep+q be an orthogonal basis of XR, where the first p

vectors have norm 1 and the last q have norm −1. The Lie group H(R) can be identified with

SO(p, q) and has two connected components. We denote by H(R)+ the connected component of
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the identity. Let D be the space of oriented negative q-planes

D :=
{
z ⊂ XR | z oriented, dim(z) = q, Q

∣∣
z
< 0
}
;

it is a pq-dimensional Riemannian manifold. This space has two connected components D = D+⊔D−.

For an oriented subspace z let o(z) ∈ ∧Nz be its orientation.

Let z0 be the q-plane spanned by ep+1, · · · , ep+q with the orientation o(z0) = ep+1 ∧ · · · ∧ ep+q.

Let D+ be the connected component containing the oriented plane z0. The group H(R)+ acts

transitively on D+ by sending z0 to hz0. Thus we can identify D+ with H(R)+/K∞(z0) where

K∞(z0) is the stabilizer of z0 in H(R)+ and can be identified with SO(p)× SO(q).

It has the structure of a Riemannian manifold as follows. Let z be a fixed negative plane in

D+. Any plane z′ in D+ can be viewed as the graph of a linear map from z to z⊥. More precisely

this map is defined as follows: since z and z′ are both negative planes we have z′ ∩ z⊥ = 0 and the

orthogonal projection of z′ onto z is an isomorphism. For every u ∈ z there is a unique u′ ∈ z′ that

projects onto u. This defines a homomorphism u 7−→ u − u′ ∈ z⊥ that depends on z′. Hence we

obtain charts D+ −→ Hom(z, z⊥) = z∨ ⊗ z⊥ for D+, where z∨ = Hom(z,R) is the dual of z. After

differentiating we get an isomorphism

TzD+ −→ z∨ ⊗ z⊥. (2.2.1)

Let v∨(−) ∈ z∨ be the dual of v ∈ z defined by v∨(−) := Q(v,−)
Q(v,v) . We define a Riemannian metric

on D+ by

qz : z
∨ ⊗ z⊥ −→ R

u∨ ⊗ v 7−→ −Q(u)Q(v).

2.2.2 Symmetric subspaces

Let U be a non-degenerate subspace of XR of signature (r, s). We define the totally geodesic

submanifold

DU :=
{
z ∈ D | z = z ∩ U + z ∩ U⊥

}
and D+

U = D+ ∩ DU . If U = ⟨x⟩ is spanned by a single vector we write Dx instead of D⟨x⟩ and

it coincides with the submanifolds Dx defined in the introduction. Suppose that z0 lies in DU .
Let HU (R) be the stabilizer of U in H(R) and let KU (z0) := H+

U (R) ∩ K∞(z0). We then have a
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diffeomorphism

H+
U (R)/KU (z) −→ D+

U ⊂ D+

hKU (z) 7−→ hz.

If U is positive definite, then for any negative plane z the intersection z ∩ U is empty. Hence

DU :=
{
z ∈ D | z ⊂ U⊥

}
.

Similarly if U is negative definite then

DU := {z ∈ D | U ⊂ z} .

Let z be a negative plane in D+. With respect to the orthogonal splitting XR = z⊥⊕z the quadratic
form splits

Q(x,x) = Q
∣∣
z⊥

(x,x) +Q
∣∣
z
(x,x).

We define the Siegel majorant at z to be the positive definite quadratic form

Q+
z (x,x) := Q

∣∣
z⊥

(x,x)−Q
∣∣
z
(x,x).

2.2.3 Orientations

Let us orient the spaces D+ and D+
x . We fix orientations

o(XR) := e1 ∧ · · · ∧ ep ∧ ep+1 ∧ · · · ∧ ep+q, o(z0) := ep+1 ∧ · · · ∧ ep+q

of XR and of z0, let us explain how this yields an orientation on D+. If z ∈ D+ is a plane, we write

z = hzz0 for some hz ∈ H(R)+. Let ek(z) = hzek so that z = span
〈
ep+1(z), · · · , ep+q(z)

〉
and the

orientation of z is ep+1(z) ∧ · · · ∧ ep+q(z). We identify TzD+ ≃ z∨ ⊗ z⊥ as in (2.2.1), so that we

have to orient z∨⊗ z⊥. For an oriented plane z we orient z⊥ by the rule that o(z⊥)∧ o(z) = o(XR).

Then we orient z∨ by e∨p+1(z) ∧ · · · ∧ e∨p+q(z). Finally, we need to orient the tensor product. If V

and W are two vectors spaces with orientations v1 ∧ · · · ∧ vN and w1 ∧ · · · ∧wM then the we orient

the basis vi ⊗ wj with the lexicographic order from right to left.

Example. If o(V ) = v1 ∧ v2 and W = w1 ∧w2 then o(V ⊗W ) = (v1⊗w1)∧ (v2⊗w1)∧ (v1⊗w2)∧
(v2 ⊗ w2).

Let us now orient D+
x , given a positive vector x. If z′ ∈ D+

x ∩Vz then z′ ∈ x⊥ represents a graph
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in x⊥ of a linear map from z to z⊥ ∩ x⊥. As in (2.2.1) we get an isomorphism

TzD+
x −→ z∨ ⊗ (z⊥ ∩ x⊥).

With the Riemannian metric on D+ the normal bundle NzD+
x is

NzD+
x = z∨ ⊗ x ≃ z∨.

The space NzD+
x is oriented by z∨ and we orient TzD+

x by the rule o(TzD+
x )∧ o(NzD+

x ) = o(TzD+).

2.2.4 The Lie algebras h and k

Let

h :=

{(
A x
tx B

)∣∣∣∣∣A ∈ so(z⊥0 ), B ∈ so(z0), x ∈ Hom(z0, z
⊥
0 )

}
,

k :=

{(
A 0

0 B

)∣∣∣∣∣A ∈ so(z⊥0 ), B ∈ so(z0)

}
,

be the Lie algebras of H(R)+ and K∞, where so(z0) = so(q) is the space of skew-symmetric q by q

matrices, and similarly so(z⊥0 ) = so(p) are the skew symmetric p by p matrices. Hence we have a

decomposition

k = so(z⊥0 )⊕ so(z0),

that is orthogonal with respect to the Killing form. The map ϵ(X) = − tX is an involution of the

Lie algebra h. The +1-eigenspace is k, the −1-eigenspace is

p :=

{(
0 x
tx 0

)∣∣∣∣∣x ∈ Hom(z0, z
⊥
0 )

}
,

and we have a decomposition

h = k⊕ p

which is orthogonal with respect to the Killing form. Since ϵ is a Lie algebra automorphism we have

[p, p] ⊂ k and [k, p] ⊂ p. We identify the tangent space of D+ at eK∞ with p ≃ h/k and the tangent
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bundle is

TD+ ≃ H(R)+ ×K∞ p,

where K∞ acts on p by the Ad-representation. We have an isomorphism

T : ∧2 XR −→ h ⊂ End(XR)

ei ∧ ej 7−→ T (ei ∧ ej)ek := Q(ei, ek)ej −Q(ej , ek)ei. (2.2.2)

A basis of h is given by Xij := T (ei ∧ ej) for i < j, and we denote by ωij the dual basis of

h∗ = Hom(h,R). Let Eij be the elementary matrix sending ei to ej and the other ek’s to 0. Then

p is spanned by the matrices

Xαµ = Eαµ + Eµα

and k is spanned by the matrices

Xαβ = Eαβ − Eβα,

Xνµ = −Eνµ + Eµν .

2.2.5 Adelic spaces

Let K := K∞Kf where Kf is an open compact subgroup preserving a Schwartz function φf ∈
S (XAf ) and K∞ = K∞(z0) as before, the maximal compact subgroup of H(R)+ stabilizing z0. We

define the double coset space

MK := H(Q)\H(A)/K ≃ H(Q)\D×H(Af )/Kf ,

where the second isomorphism sendsH(Q)(h∞, hf )K −→ H(Q)(h∞z0, hf )K. There exists h1, . . . , hr ∈
H(Af ) such that

H(Af ) =
r⊔
i=1

H(Q)+hiKf .

Let Had(R)+ := H(R)+/ZH(R). Let Γ′
hi

:= H(Q)+ ∩ hiKfh
−1
i and Γhi its image in Had(Q)+ =

Had(R)+ ∩Had(Q). We have a homeomorphism

MK ≃
r⊔
i=1

Mhi , (2.2.3)
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where Mh is the locally symmetric space

Mh := Γh\D+.

If Γh is torsion-free then Mh is an orientable Riemannian manifold of dimension pq. If Γh has

torsion, then Mh has the structure of an orbifold and there is a finite index torsion-free subgroup

Γ̃h ⊂ Γh.

The map 2.2.3 goes as follows. Let H(Q)(z, hf )K be a double coset. Let δz = 1 if z ∈ D+ and

δz is any element H(Q)−H(Q)+ if z ∈ D−. The element δz permutes D+ and D−, hence

H(Q)(z, hf )K = H(Q)(δzz, δzhf )K

with δzz ∈ D+. There is an i ∈ {1, . . . , r} we write δzhf = h−1hikf for some kf ∈ Kf and

h ∈ H(Q)+. Then this coset is mapped to the point Γhihδzz.

2.2.6 The Kudla-Millson form

Let us write Γ = Γhi for any of the hi’s as in (2.2.3). In a series of papers, Kudla and Millson

[KM86; KM87; KM90] defined a form

φKM ∈
[
S (XR)⊗ Ωq(D+)

]H(R)+
.

This form satisfies

1. φKM (x) is closed for any x ∈ XR,

2. φKM is H(R)+-invariant in the sense that

h∗φKM (x) = φKM (h−1x) =
(
ωos(h)φKM

)
(x).

In particular it is Γx-invariant, where Γx is the stabilizer of x in Γ, and we can view φKM (x)

as a form on Γx\D+.

3. For positive vectors x and ω ∈ Ωpq−qc (Γx\D+) the form φKM (x) satisfies∫
Γx\D+

φKM (x) ∧ ω = 2−
q
2 e−πQ(x,x)

∫
Γx\D+

x

ω,

where Ω•
c denotes the space of compactly supported forms.

The last property means that the form

φ0(x) := 2
q
2 eπQ(x,x)φKM (x) ∈ Ωq(Γx\D+)
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is a Poincaré dual of Γx\D+
x in Γx\D+.

Remark 2.2.1. The Kudla-Millson form defined here is the original Kudla-Millson form multiplied

by 2
q
2 .

In the work of Kudla and Millson the form is constructed as follows. The tangent plane of D+

is TeK∞D+ ≃ p, hence the cotangent bundle is

(TD+)∗ = H(R)+ ×K∞ p∗,

where K∞ acts on p by the dual Ad-representation. The basis e1, . . . , ep+q identifies XR with Rp+q.
With respect to this basis the Siegel majorant at z0 is given by

Q+
z0(x,x) =

p+q∑
i=1

x2i .

Recall that H(R)+ acts on S (Rp+q) by (h · f)(x) = f(h−1x). We have an isomorphism

[
Ωq(D+)⊗ S (Rp+q)

]H(R)+ −→
[∧q

p∗ ⊗ S (Rp+q)
]K∞

φ −→ φe (2.2.4)

by evaluating φ at the basepoint eK∞, corresponding to z0 in D+. We define the Howe operator

D :
∧•

p∗ ⊗ S (Rp+q) −→
∧•+q

p∗ ⊗ S (Rp+q)

by

D :=
1

2q

p+q∏
µ=p+1

p∑
α=1

Aαµ ⊗
(
xα − 1

2π

∂

∂xα

)

where Aαµ is left multiplication by ωαµ, the dual of Xαµ. The Kudla-Millson form is defined by

applying D to the Gaussian:

φKM (x)e := D exp
(
−πQ+

z0(x,x)
)
∈
∧q

p∗ ⊗ S (Rp+q). (2.2.5)

In Chapter 3 we will see that the Kudla-Millson form can also be computed via Chern-Weil theory

and without the Howe operators.



38 Chapter 2. Background

2.2.7 Homology and cohomology of MK

We can identify Ω•(Mh) with Ω•(D+)Γh , where the latter is the space of Γh-invariant forms on D+.

We use the isomorphism (2.2.3) to define the space of differential forms on MK :

Ω•(MK) :=
r⊕
i=1

Ω•(Mhi)

and the cohomology of MK by

H•(MK ;R) :=
r⊕
i=1

H•(Mhi ;R).

Similarly we define the homology of MK by

H•(MK ;R) :=
r⊕
i=1

H•(Mhi ;R).

Let C∞(H(Af )) be the space of smooth (i.e. locally constant) functions. We can also see Ω•(MK)

as

Ω•(MK) ≃
[
Ω•(D+)⊗Q C

∞(H(Af ))
]H(Q)×Kf

≃
[
C∞(H(Q)\H(A))⊗R

∧•
p∗
]K

, (2.2.6)

where p∗ = Hom(p,R). The first isomorphism is

ω ⊗ f 7−→
r∑
i=1

f(hi)ω ∈
r⊕
i=1

Ω•(D+)Γhi

and the second ones comes from the isomorphism

Ω•(D+) ≃
[
C∞(H(R)+)⊗R

∧•
p∗
]K∞

.

2.2.8 Special cycles

For hi ∈ H(Af ) and x ∈ XQ we define the connected cycles Cx(hi) ⊂ Mhi to be the image of the

composition

Γhi,x\D
+
x ↪−→ Γhi,x\D

+ −→Mhi
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where Γhi,x := Hx(Q)+ ∩ hiKh−1
i . Note that Γhi,x does not contain −1 so its image in Had(Q)+ is

Γhi,x. For n ∈ Q>0 we define the weighted cycles

Cn(φf , hi) :=
∑

x∈Γ′
hi

\XQ

Q(x,x)=2n

φf (h
−1
i x)Cx(hi) ∈ Zpq−q(Mhi , ∂Mhi ;R)

Cn(φf ) :=
r∑
i=1

Cn(φf , hi) ∈ Zpq−q(MK , ∂MK ;R).

We see this cycle as a formal linear combination of the cycles Cx(hi) of codimension q, one in each

connected component Mhi of MK .

2.2.9 The Kudla-Millson theta series

Let us now suppose that p+q is even. In that case the Weil representation for SL2(Q)×SO(XQ) is a

true (i.e. not projective) representation. We define the theta series for g ∈ SL2(A) and hf ∈ H(Af )

Θos(g, hf , φKM ⊗ φf ) :=
∑
x∈XQ

(
ωos(g, hf )φKM ⊗ φf

)
(x)

=
∑
x∈XQ

(
ωos(g)φKM

)
(x)φf (h

−1
f x) ∈ Ωq(D+).

The form Θos(g, hi, φf ) is Γhi-invariant, hence defines a form on Mhi and we obtain a form

Θos(g, φKM ⊗ φf ) :=
r∑
i=1

Θos(g, hi, φKM ⊗ φf ) ∈ Ωq(MK).

For τ = u+ iv a point in H we define the classical Kudla-Millson theta series

ΘKM (τ, hf , φf ) := v−
p+q
4 Θos(gτ , hf , φKM ⊗ φf ) (2.2.7)

where gτ =

(√
v u/

√
v

0 1/
√
v

)
∈ SL2(R) maps i to τ .

Remark 2.2.2. We have ωos(kθ)φKM = eiθ
p+q
2 for

kθ =

(
cos(θ) sin(θ)

− sin(θ) cos(θ)

)
∈ SO(2).

Since ωos is a representation, one can check that (2.2.7) does not depend on the choice of the matrix

gτ sending i to τ .
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By summing over the different connected components we then also get a form

ΘKM (τ, φf ) :=
r∑
i=1

ΘKM (τ, hi, φf ) ∈ Ωq(MK).

Moreover this form is closed, so that is represents a cohomology class

[ΘKM (τ, φf )] ∈ Hq(MK ;R).

Lemma 2.2.1. We can rewrite the theta series as

ΘKM (τ, φf ) = Θ0(v, φf ) +
∑
n∈Q×

Θn(v, φf )e
2iπnτ

where

Θn(v, φf ) =

r∑
i=1

∑
x∈XQ

Q(x,x)=2n

φf (h
−1
i x)φ0(

√
vx).

Proof. It follows from the formulas (2.1.10)-(2.1.11) for the Weil representation that

v−
N
2 ωos(gτ )φKM (x) = φ0(

√
vx)eiπτQ(x,x)

where φ0(x) = eπQ(x,x)φKM (x). Thus

ΘKM (τ, φf ) =
r∑
i=1

∑
x∈XQ

φf (h
−1
i x)φ0(

√
vx)eiπτQ(x,x). (2.2.8)

Grouping together the contributions coming from vectors of same length we can rewrite (2.2.8) as

ΘKM (τ, φf ) =
∑
n∈Q

 r∑
i=1

∑
x∈XQ

Q(x,x)=2n

φf (h
−1
i x)φ0(

√
vx)

 e2iπnτ

=
∑
n∈Q

Θn(v, φf )e
2iπnτ .
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Theorem 2.2.2 (Kudla-Millson). Let C =
∑
Ci ∈ Zq(MK ;R) be a cycle, then

∫
C
ΘKM (τ, φf ) =

r∑
i=1

∫
Ci

ΘKM (τ, hi, φf )

is a modular form of weight p+q
2 . Moreover, it admits the Fourier decomposition∫

C
ΘKM (τ, φf ) =

∫
C
Θ0(v, φf ) +

∑
n∈Q>0

∫
C
Θn(v, φf )e

2iπnτ

and for n > 0 we have ∫
C
Θn(v, φf ) = κ

〈
Cn(φf ), C

〉
.

In particular, they show the holomorphicity (in τ) of the resulting function and the vanishing of the

Fourier coefficients for n < 0. In Chapter 4 we will consider a quadratic space of signature (N,N)

and the integral of ΘKM (τ, φf ) over a relative cycle

C ⊗ ψ ∈ ZN (MK , ∂MK ;R),

which is twisted by a totally odd unitary Hecke character ψ. In particular since C ⊗ ψ will be

non-compact the result of Kudla-Millson does not apply immediately. Using a seesaw argument, we

will show that ∫
C⊗ψ

ΘKM (τ, φf )

equals the diagonal restriction of an Eisenstein series, which will prove in particular that it is

holomorphic. Although the vanishing of the negative Fourier coefficients also follows from this

equality, we show it directly in Proposition 4.3.6. Moreover, we will show in Proposition 4.3.10 that

the Fourier coefficients can be interpreted as intersection numbers. The proof of the proposition,

and the Remark 4.3.2 before it also explains the appearance of the factor κ here.

Remark 2.2.3. Recall that if C,C ′ are immersed submanifolds, then∫
C
PD(C ′) =

∫
MK

PD(C ′) ∧ PD(C) =
〈
C ′, C

〉
, (2.2.9)

where the right hand side is the topological intersection numbers. This works when at least one of

the two cycles is compact. If the two cycles C,C ′ are non-compact and intersect infinitely many

times, then the integrals (2.2.9) do not converge and the intersection is not well defined. On the
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other hand, if C and C ′ intersect finitely many times in MK then
〈
C,C ′〉 is well-defined and the

integrals converge. However it does not mean that the equality (2.2.9) holds. Indeed, to make

sense of (2.2.9) for non-compact cycles one would need to study the extension of the forms to the

boundary of a compactification as well as the intersections of the cycles in that boundary, as it is

done in [FM14] for example.

The special cycle Cn(φf ) is an immersed submanifold of codimension q, and for n > 0 the form

κ−1Θn(v, φf ) represents the Poincaré dual of Cn(φf ) in Ωq(Mhi). If C is compact we get∫
C
Θn(v, φf ) = κ

〈
Cn(φf ), C

〉
. (2.2.10)

In our case we will replace C by a non-compact cycle C ⊗ ψ that intersects Cn(φf ) in a compact

set. We will show in Proposition 4.3.10 that (2.2.10) also holds for C ⊗ ψ.
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In this chapter we show how to recover the Kudla-Millson form through a construction of Mathai

and Quillen [MQ86]. The main result is Theorem 3.2.5 (Theorem A in the introduction). We recall

the setting: let (XQ, Q) be an arbitrary rational quadratic space such that XR has signature (p, q),

and H = SO(Q) be the orthogonal group of XQ. Let L ⊂ XQ be a lattice1 and Γ ⊂ H(Q)+ a

discrete subgroup preserving L. For a vector x in L let Γx be the stabilizer of x in Γ. The space

D+ of oriented negative q planes in XR has a tautological bundle E, whose fiber over z ∈ D+ is

the negative plane z itself. This bundle has a natural metric −Q
∣∣
z
on the fiber. After choosing

1For example if we start with a Schwartz function φf ∈ S (X(Af )) that is the characteristic function of an adelic
lattice, then we could take L = Lhi(φf ) and Γ = Γhi for some hi ∈ H(Af ) as in (1.0.2).
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a connection ∇ compatible with the metric, the Mathai-Quillen formalism produces a Thom form

UMQ ∈ Ωq(E). We will show that after pulling back by a section sx : D+ −→ E, we have

φKM (x) = 2−
q
2 e−πQ(x,x)s∗xUMQ ∈ Ωq(D+). (3.0.1)

Remark 3.0.1. Since D+ and E are contractible, the Thom isomorphism

Hq+i
rd (E) −→ H i(D+)

described in Subsection 2.1.3 is trivial in this case. Thus, the forms UMQ and φKM (x) are both 0

in cohomology, and the equality (3.0.1) becomes trivial in cohomology as well. As we will show in

Subsection 3.2.1, the form UMQ is Γ-invariant. In particular it is Γx-invariant or every vector x.

Hence UMQ can also be seen as a Thom form of the bundle Γx\E −→ Γx\D+, for which the Thom

isomorphism is non-trivial. Since the section sx is Γx-invariant we can also view it as a section of

the bundle Γx\E. The pullback sxUMQ defines a form on Γx\D+ and Equation (3.0.1) becomes

non-trivial in the cohomology group Hq(Γx\D+).

3.1 Bundles and the Mathai-Quillen formalism

We begin by collecting a few facts about bundles and explain the construction of the Mathai-

Quillen form in Subsection 3.1.5. For the construction of the Mathai-Quillen form we will also

follow [BGV03], and for more on principal bundles and connections we refer to [KN96].

Let e1, . . . , ep, ep+1, · · · , ep+q be an orthogonal basis of XR such that

Q(eα, eα) = 1 for 1 ≤ α ≤ p,

Q(eµ, eµ) = −1 for p+ 1 ≤ µ ≤ p+ q. (3.1.1)

Note that we will always use letters α and β for indices between 1 and p, and letters µ and ν for

indices between p+1 and p+q. Let z0 be the negative q-plane spanned by the vectors ep+1, · · · , ep+q
and K∞ = SO(p) × SO(q) be the maximal compact connected subgroup of H(R)+ stabilizing z0.

Let h and k be the Lie algebras of H(R)+ and K∞.

3.1.1 K∞-principal bundles

Let P be a smooth principal K∞-bundle where

R : K∞ × P −→ P

(k, p) 7−→ Rk(p)



3.1. Bundles and the Mathai-Quillen formalism 45

is the smooth right action of K∞ on P and π : P −→ P/K∞ the projection map. For a fixed p in

P consider the map

Rp : K∞ −→ P

k 7−→ Rk(p).

Let VpP be the image of the derivative at the identity

deRp : k −→ TpP,

which is injective. It coincides with the kernel of the differential dpπ. A vector in VpP is called a

vertical vector. Using this map we can view a vector X in k as a vertical vector field on P . The

space P can a priori be arbitrary, but in our case we will consider either

1. P is H(R)+ and Rk the natural right action sending g to gk. Then P/K∞ can be identified

with D+,

2. P is H(R)+ × z0 and the action Rk maps (g, w) to (gk, k−1w). In this case P/K∞ can be

identified with H(R)+ ×K z0. Is the vector bundle associated to the principal bundle H(R)+

as defined below.

A principal K∞-connection on P is a 1-form θP in Ω1(P, k) such that

• ιXθP = X for any X in k,

• R∗
kθP = Ad(k−1)θP for any k in K∞,

where ιX is the interior product

ιX : Ωk(P ) −→ Ωk(P )

ω 7−→ (ιXω)(X1, . . . , Xp−1) := ω(X,X1, . . . , Xp−1).

and we view X as a vector field on P . Geometrically these conditions imply that the kernel of

θP defines a horizontal subspace of TP that we denote by HP . It is a complement to the vertical

subspace i.e. we get a splitting of TpP as VpP ⊕HpP .

Let g be the Lie algebra of H(R)+ and let p be the orthogonal projection from g on k. After

identifying g∗ with the space Ω1(H(R)+)H(R)+ of H(R)+-invariant forms we define a natural 1-form

called the Maurer-Cartan form ∑
1≤i<j≤p+q

ωij ⊗Xij ∈ Ω1(H(R)+)⊗ g,
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where Xij is the basis of g defined earlier and ωij its dual basis of g∗. After projection onto k we

get a form

θ := p

 ∑
1≤i<j≤p+q

ωij ⊗Xij

 ∈ Ω1(H(R)+)⊗ k (3.1.2)

where we identify Ω1(H(R)+, k) with Ω1(H(R)+) ⊗ k. A direct computation shows that it is a

principal K-connection on P when P is H(R)+.
If P is H(R)+ × z0 then the projection

π : H(R)+ × z0 −→ H(R)+

induces a map

π∗ : Ω1(H(R)+) −→ Ω1(H(R)+ × z0).

The form

θ̃ := π∗θ ∈ Ω1(H(R)+ × z0)⊗ k (3.1.3)

is a principal connection on H(R)+ × z0.

3.1.2 The associated vector bundles

Since z0 is preserved by K∞ we have an orthogonal K∞-representation

ρ : K∞ −→ SO(z0)

k 7−→ ρ(k)w := k
∣∣
z0
w, (3.1.4)

where we will usually simply write kw instead of k
∣∣
z0
w. We can consider the associated vector

bundle P ×K z0 which is the quotient of P × z0 by K∞, where K∞ acts by sending (p, w) to

(Rk(p), ρ(k)
−1w). Hence an element [p, w] of P ×K z0 is an equivalence class where the equivalence

relation identifies (p, w) with (Rk(p), ρ(k)
−1w). This is a vector bundle over P/K∞ with projection

map sending [p, w] to π(p). Let Ωi(P/K∞, P ×K∞ z0) be the space of i-forms valued in P ×K∞ z0,

when i is zero it is the space of sections of the associated bundle.

In the two cases of interest to us we define

E := H(R)+ ×K∞ z0, Ẽ :=
(
H(R)+ × z0

)
×K∞ z0.

Note that in both cases P admits a left action of H(R)+ and that the associated vector bundles are
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H(R)+-equivariant. Morever it is a Euclidean bundle, equipped with the inner product

⟨v, w⟩ := −Q
∣∣
z0
(v, w)

on the fiber.

Basic forms. Let Ωi(P, z0) be the space of z0-valued differential i-forms on P . A differential form

α in Ωi(P, z0) is said to be horizontal if ιXα vanishes for all vertical vector fields X. There is a left

action of K∞ on a differential form α in Ωi(P, z0) defined by

k · α := ρ(k)(R∗
kα),

and α is K∞-invariant if it satisfies k ·α = α for any k in K∞ i.e. we have R∗
kα = ρ(k−1)α. We write

Ωi(P, z0)
K∞ for the space of K∞-invariant z0-valued forms on P . Finally a form that is horizontal

and K∞-invariant is called a basic form and the space of such forms is denoted by Ωi(P, z0)bas.

Let X1, . . . , XN be tangent vectors of P/K∞ at π(p) and X̃i a tangent vector of P at p that

satisfy dpπ(X̃i) = Xi. There is a map

Ωi(P, z0)bas −→ Ωi(P/K∞, P ×K z0)

α 7−→ ωα

defined by

ωα
∣∣
π(p)

(X1 ∧ · · · ∧XN ) = α
∣∣
p
(X̃1 ∧ · · · ∧ X̃N ).

Proposition 3.1.1. The map is well-defined and yields an isomorphism between Ωi(P/K∞, P ×K∞

z0) and Ωi(P, z0)bas. In particular if z0 is 1-dimensional then Ωi(P/K∞) is isomorphic to Ωi(P )bas.

Proof. In the case where i is zero the horizontally condition is vacuous and the isomorphism simply

identifies Ω0(P/K∞, P ×K∞ z0) with Ω0(P, z0)
K∞ . We have a map

Ω0(P, z0)
K∞ −→ Ω0(P/K∞, P ×K∞ z0)

f 7−→ sf (π(p)) := [p, f(p)],

which is well defined since

f(Rk(p)) = ρ(k)−1f(p).
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Conversely every smooth section s in Ω0(P/K∞, P ×K z0) is given by

s(π(p)) = [p, fs(p)]

for some smooth function fs in Ω0(P, z0)
K∞ . The map sending s to fs is inverse to the previous

one. The proof is similar for positive i.

Connections on associated bundles. A covariant derivative on the vector bundle P ×K∞ z0 is

a differential operator

∇P : C∞(P/K∞, P ×K∞ z0) −→ Ω1(P/K∞, P ×K∞ z0)

such that for every f in C∞(P/K∞) we have

∇P (fs) = df ⊗ s+ f∇P (s).

The inner product on P ×K∞ z0 defines a pairing

Ωi(P/K∞, P ×K∞ z0)× Ωj(P/K∞, P ×K∞ z0) −→Ωi+j(P/K∞)

(ω1 ⊗ s1, ω2 ⊗ s2) 7−→⟨ω1 ⊗ s1, ω2 ⊗ s2⟩

= ω1 ∧ ω2⟨s1, s2⟩,

and we say that the derivative is compatible with the metric if

d⟨s1, s2⟩ = ⟨∇P s1, s2⟩+ ⟨s1,∇P s2⟩

for any two sections s1 and s2 in C∞(P/K∞, P ×K∞ z0). There is a covariant derivative that is

induced by a principal connection θP in Ω1(P )⊗ k as follows. The derivative of the representation

gives a map

dρ : k −→ so(z0) ⊂ End(z0),

which we also denote by ρ by abuse of notation. Note that for the representation (3.1.4) this is

simply the map

ρ : k −→ so(z0)

X 7−→ X
∣∣
z0
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since k = so(z⊥0 )⊕ so(z0). Composing the principal connection with ρ defines an element

ρ(θP ) ∈ Ω1(P, so(z0)).

In particular if s : P/K∞ → P ×K∞ z0 is a section then we can identify it with a K∞-invariant

smooth map fs in C
∞(P, z0)

K∞ . Since ρ(θP ) is an so(z0)-valued form we can define

dfs + ρ(θP ) · fs ∈ Ω1(P, z0).

Lemma 3.1.2. The form dfs + ρ(θP ) · fs is basic, hence gives a P ×K∞ z0-valued form on P/K∞.

In particular, ∇P = d+ ρ(θP ) defines a covariant derivative on P ×K∞ z0 which is compatible with

the metric.

Proof. See [BGV03, p. 24]. For the compatibility with the metric, it follows from the fact that the

connection ρ(θP ) is valued in so(z0) ⊂ End(z0) that

⟨ρ(θP )fs1 , fs2⟩+ ⟨fs1 , ρ(θP )fs2⟩ = 0.

Hence

⟨∇P s1, s2⟩+ ⟨s1,∇P s2⟩ = ⟨dfs1 , fs2⟩+ ⟨fs1 , dfs2⟩ = d⟨fs1 , fs2⟩ = d⟨s1, s2⟩.

Curvature. A covariant derivative can be extended to a map

∇P : Ωi(P/K∞, P ×K∞ z0) −→ Ωi+1(P/K∞, P ×K∞ z0) (3.1.5)

by setting

∇P (ω ⊗ s) := dω ⊗ s+ (−1)iω ∧∇P (s),

where

ω ⊗ s ∈ Ωi(P/K∞)⊗ C∞(P ×K∞ z0) ≃ Ωi(P/K∞, P ×K∞ z0).

We define the curvature RP in Ω2(P, k) by

RP (X,Y ) := [θP (X), θP (Y )]− θP ([X,Y ]),
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for two vector fields X and Y on P . It is basic by [BGV03, Proposition. 1.13] and composing with

ρ gives an element

ρ(RP ) ∈ Ω2(P, so(z0))bas.

Then, for a section s in C∞(P/K∞, P ×K∞ z0) we have [BGV03, Proposition. 1.15]

∇2
P s = ρ(Rp)s ∈ Ω2(P/K∞, P ×K∞ z0).

From now on we denote by ∇ and ∇̃ the covariant derivatives on E and Ẽ associated to θ and θ̃

defined in (3.1.2) and (3.1.3). Let R and R̃ be their respective curvatures.

3.1.3 Pullback of bundles

The pullback of E by the projection map gives a canonical bundle

π∗E :=
{
(e, e′) ∈ E × E |π(e) = π(e′)

}
over E. We have the following diagram

π∗E E

E D+.

π

π

The projection also induces a pullback of the sections

π∗ : Ωi(D+, E) −→ Ωi(E, Ẽ),

and of the covariant derivative

π∗∇ : C∞(E, π∗E) −→ Ω1(E, π∗E)

defined by the property

(π∗∇)(π∗s) = π∗(∇s).

By definition ([h1, w1], [h2, w2]) is in π∗E if and only if h−1
1 h2 is in K∞. We have an H(R)+-
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equivariant morphism

π∗E −→ Ẽ

([h1, w1], [h2, w2]) −→ [(h1, h
−1
1 h2w2), w1]. (3.1.6)

This map is well defined, and has as inverse

Ẽ −→ π∗E

[(h,w1), w2] −→ ([h,w2], [h,w1]).

The second statement follows from θ̃ = π∗θ.

Proposition 3.1.3. The map (3.1.6) is an isomorphism between Ẽ and π∗E, and this isomorphism

identifies ∇̃ and π∗∇.

3.1.4 A few operations on the vector bundles

We extend the K∞-representation z0 to
∧j z0 by k(w1∧· · ·∧wj) = (kw1)∧· · ·∧ (kwj). We consider

the bundles P ×K∞ ∧jz0 and P ×K∞ ∧z0 over P/K∞, where
∧
z0 =

⊕
i

∧i z0. Denote the space of

differential forms valued in P ×K∞ ∧jz0 by

Ωi,jP := ΩiP (P/K∞, P ×K∞ ∧jz0) = ΩiP (P/K∞)⊗ C∞(P/K∞, P ×K∞ ∧jz0).

The total space of differential forms

Ω(P/K∞, P ×K∞ ∧z0) =
⊕
i,j

Ωi,jP

is an (associative) bigraded C∞(P/K∞)-algebra where the product is defined by

∧ : Ωi,jP × Ωk,lP −→ Ωi+k,j+lP

(ω ⊗ s, η ⊗ t) 7−→ (ω ⊗ s) ∧ (η ⊗ t) := (−1)jk(ω ∧ η)⊗ (s ∧ t).

The exponential. This algebra structure allows us to define an exponential map by

exp: Ω(P/K∞, P ×K∞ ∧z0) −→ Ω(P/K∞, P ×K∞ ∧z0)

ω 7−→ exp(ω) :=
∑
k≥0

ωk

k!
,

where ωk is the k-fold wedge product ω ∧ · · · ∧ ω.
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Remark 3.1.1. Suppose that ω and η commute. Then the binomial formula

(ω + η)k =

k∑
l=0

(
k

l

)
ωlηk−l

holds and one can show that exp(ω+η) = exp(ω)+exp(η) in the same way as for the real exponential

map. In particular the diagonal subalgebra
⊕

Ωi,iP is a commutative since for two forms ω and η in

ΩP we have

ω ∧ η = (−1)deg(ω)+deg(η)η ∧ ω

and similarly for two sections sand t in Ω0(P/K,P ×K∞ z0).

The Berezinian. The inner product ⟨−,−⟩ on z0 can be extended to
∧
z0 by

⟨ x1 ∧ · · · ∧ xk , y1 ∧ · · · ∧ yl ⟩ :=

{
0 if k ̸= l,

det⟨xi,yj⟩i,j if k = l.

The set

{ep+i1 ∧ · · · ∧ ep+ik | 1 ≤ k ≤ q, i1 < i2 < · · · < ik}

is an orthonormal basis of
∧
z0, since ep+1, . . . , ep+q is an orthonormal basis of z0. We define the

Berezin integral
∫ B

to be the orthogonal projection onto the top dimensional component∫ B

:
∧
z0 −→ R

w 7−→ ⟨w , ep+1 ∧ · · · ∧ ep+q⟩.

The Berezin integral can then be extended to∫ B

: Ω(P/K∞, P ×K∞ ∧z0) −→ Ω(P/K∞)

ω ⊗ s 7−→ ω

∫ B

s

where
∫ B

s in C∞(P/K∞) is the composition of the section with the Berezinian in every fiber. Let

s1, . . . , sq be a local orthonormal frame of P ×K∞ z0, then

s1 ∧ · · · ∧ sq ∈ C∞(P/K∞,∧qP ×K∞ z0)
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is a global section and for α in Ω(P/K∞, P ×K∞ ∧z0) we have∫ B

α = ⟨α, s1 ∧ · · · ∧ sq⟩.

The contraction. Finally, for every section s in Ω0,1 we can define the contraction i(s) by

i(s) : Ωi,jP −→ Ωi,j−1
P

ω ⊗ s1 ∧ · · · ∧ sj 7−→
j∑

k=1

(−1)i+k−1⟨s, sk⟩ω ⊗ s1 ∧ · · · ∧ ŝk ∧ · · · ∧ sj

and extended by linearity, where the symbol ·̂ means that we remove it from the product. Note

that when j = 0 then i(s) is defined to be 0. It defines a derivation on ⊕Ω̃i,j that satisfies

i(s)(α ∧ α′) = (i(s)α) ∧ α′ + (−1)i+jα ∧ (i(s)α′)

for α in Ω̃i,j and α′ in Ω̃k,l.

3.1.5 The Mathai-Quillen construction

Let us now recall the construction of the Mathai-Quillen form UMQ in Ωq(E). As earlier let Ẽ =

(H(R)+ × z0)×K∞ z0 and ∧jẼ := (H(R)+ × z0)×K∞ ∧jz0. We set

Ωi,j := Ωi(D+,∧jE)

Ω̃i,j := Ωi(E,∧jẼ).

First consider the tautological section s in Ω̃0,1 defined by

s : E −→ Ẽ

[h,w] 7−→ s[h,w] := [(g, w), w].

Composing with the norm induced from the inner product we get an element

∥s∥2 ∈ Ω̃0,0.

The representation ρ on z0 induces a representation on ∧iz0 that we also denote by ρ. The derivative

at the identity gives a map

ρ : k −→ so(∧iz0).



54 Chapter 3. The Kudla-Millson form and the Mathai-Quillen formalism

The connection form ρ(θ̃) in Ω1(H(R)+ × z0,∧jz0) defines a covariant derivative

∇̃ : Ω̃0,j −→ Ω̃1,j .

We can extend it to

∇̃ : Ω̃i,j −→ Ω̃i+1,j ,

by setting

∇̃(ω ⊗ s) := dω ⊗ s+ (−1)iω ∧ ∇̃(s),

as in (3.1.5). The connection on Ω̃i,j is compatible with the metric.

Finally, the covariant derivative ∇̃ defines a derivation on ⊕Ω̃i,j that satisfies

∇̃(α ∧ α′) = (∇̃α) ∧ α′ + (−1)i+jα ∧ (∇̃α′)

for any α in Ω̃i,j and α′ in Ω̃k,l.

Taking the derivative of the tautological section gives an element

∇̃s = ds+ ρ(θ̃)s ∈ Ω̃1,1.

Let so(Ẽ) denote the bundle (H(R)+×z0)×Kso(z0) and consider the curvature ρ(R̃) in Ω2(Ẽ, so(Ẽ)).

We have an isomorphism

T−1
∣∣
z0
: so(z0) −→ ∧2z0

A 7−→
∑
i<j

⟨Aei, ej⟩ei ∧ ej .

The inverse sends v ∧ w to the endomorphism u 7→ ⟨v, u⟩w − ⟨w, u⟩v, and is the isomorphism from

(2.2.2) restricted to z0. Note that we have

T (v ∧ w)u = ι(u)v ∧ w. (3.1.7)

Using this isomorphism we can also identify so(Ẽ) and ∧2Ẽ so that we can view the curvature as

an element

ρ(R̃) ∈ Ω̃2,2.

Lemma 3.1.4. The form ω := 2π∥s∥2 + 2
√
π∇̃s − ρ(R̃) lying in Ω̃0,0 ⊕ Ω̃1,1 ⊕ Ω̃2,2 is annihilated
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by ∇̃+ 2
√
πi(s). Moreover

d

∫ B

α =

∫ B

∇̃α,

for every form α in Ω̃i,j. Hence
∫ B

exp(−ω) is a closed form.

Proof. We have(
∇̃+ 2

√
πi(s)

)(
2π∥s∥2 + 2

√
π∇̃s− ρ(R̃)

)
= 2π∇̃∥s∥2 + 4π

3
2 i(s)∥s∥2 + 2

√
π∇̃2s+ 4πi(s)∇̃s− ∇̃ρ(R̃)− 2

√
πi(s)ρ(R̃).

It vanishes because we have the following:

· i(s)∥s∥2 = 0 since ∥s∥ ∈ Ω̃0,0,

· ∇̃ρ(R̃) = 0 by Bianchi’s identity,

· ∇̃∥s∥2 = 2⟨∇̃s, s⟩ = −2i(s)∇̃s,

· ∇̃2s = ⟨ρ(R̃), s⟩ = i(s)ρ(R̃).

For the last point we used (3.1.7) where we view ρ(R̃) as an element of Ω2(E, so(Ẽ)), respectively

of Ω2(E,∧2Ẽ).

Let s1∧ · · ·∧ sq in C∞(E,∧qẼ) be a global section where s1, . . . , sq is a local orthonormal frame

for Ẽ. Then for α in Ω̃i,j we have ∫ B

α = ⟨α, s1 ∧ · · · ∧ sq⟩.

This vanishes if j < q so we can assume α ∈ Ω̃i,q. If we write α = βs1 ∧ · · · ∧ sq for some β in Ωi(E)

then ∫ B

α = β.

On the other hand, since the connection on Ω̃i,q is compatible with the metric, we have

0 = d⟨s1 ∧ · · · ∧ sq, s1 ∧ · · · ∧ sq⟩ = 2⟨∇̃(s1 ∧ · · · ∧ sq), s1 ∧ · · · ∧ sq⟩.

Then we have∫ B

∇̃α = ⟨∇̃α, s1 ∧ · · · ∧ sq⟩

= ⟨dβ ⊗ s1 ∧ · · · ∧ sq + (−1)iβ ∧ ∇̃(s1 ∧ · · · ∧ sq), s1 ∧ · · · ∧ sq⟩

= dβ = d

∫ B

α.
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Finally, since ∇̃+ 2
√
πi(s) is a derivation that annihilates ω we have(

∇̃+ 2
√
πi(s)

)
ωk = 0

for k > 0 and

d

∫ B

exp(−ω) =
∫ B

∇̃ exp(−ω)

=

∫ B (
∇̃+ 2

√
πi(s)

)
exp(−ω) = 0.

Proposition 3.1.5. The form

UMQ := (−1)
q(q+1)

2 (2π)−
q
2

∫ B

exp
(
−2π∥s∥2 − 2

√
π∇̃s+ ρ(R̃)

)
∈ Ωq(E)

is a Thom form.

Proof. From the previous lemma it follows that the form is closed, it remains to show that its

integral along the fibers is 1. The restriction of the form UMQ along the fiber π−1(eK∞) is given by

UMQ = (−1)
q(q+1)

2 (2π)−
q
2 e−2π∥s∥2

∫ B

exp(−2
√
πds)

= (−1)
q(q+1)

2 2
q
2 e−2π∥s∥2(−1)q

∫ B

(dx1 ⊗ e1) ∧ · · · ∧ (dxq ⊗ eq)

= 2
q
2 e−2π∥s∥2dx1 ∧ · · · ∧ dxq,

and its integral over the fiber π−1(eK∞) is equal to 1.

3.1.6 Transgression form

For t > 0 consider the map t : E −→ E given by multiplication by t in the fibers. Consider the

K∞-invariant vector field

X :=

q∑
i=1

xi
∂

∂xi

on H(R)+×Rq. Since it is K∞-invariant, it induces a vector field on E. We define the transgression

form ψ := ιXUMQ in Ωq−1(E), where ιX is the interior product.
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Proposition 3.1.6 (Transgression formula). The transgression satisfies(
d

dt
t∗UMQ

)
t=t0

= − 1

t0
d(t∗0ψ).

Proof. Let us view the multiplication map by t as a map

m : E × R>0 −→ E

(e, t) 7−→ et.

The differential d̃ on E × R>0 splits as d̃ = d+ dR>0 . Since UMQ is closed (hence its pullback) we

have

0 = d̃(m∗UMQ) = d(m∗UMQ) +
d

dt
(m∗UMQ)dt. (3.1.8)

Moreover the pushforward of the vector field t ∂∂t by m is X, hence for the contraction we have

ι ∂
∂t
m∗UMQ =

1

t
m∗ιXUMQ.

Since the differential d is independent of t it commutes with the contraction ι ∂
∂t
. Combining with

(3.1.8) yields

d

dt
(m∗UMQ) = −1

t
d(m∗ψ).

Finally, pulling back by the section t0 : E 7−→ E×R>0 sending e to (e, t0) gives the desired formula.

Let Γx be the stabilizer of x in Γ, which acts on the left on E. By the H(R)+-invariance (hence
Γx-invariance) of UMQ, it is also a form in Ωq(Γx\E). Let S0 denote the image Γx\E0 of the zero

section in Γx\E.

Proposition 3.1.7. The form UMQ represents the Poincaré dual of S0 in Γx\E.

Sketch of proof. For 0 < t1 < t2 we have

t∗2UMQ − t∗1UMQ =

∫ t2

t1

(
d

dt
t∗UMQ

)
dt

= −
∫ t2

t1

d(t∗ψ)
dt

t

= −d
∫ t2

t1

t∗ψ
dt

t
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so that t∗2UMQ and t∗1UMQ represent the same cohomology class in Hq(Γx\E). Then, one can show

that

lim
t→∞

t∗UMQ = δS0

where δS0 is the current of integration along S0. Hence if ω is a compactly supported form in

Ωmc (E), where m is the dimension of D+, then∫
Γx\E

UMQ ∧ ω = lim
t→∞

∫
Γx\E

t∗UMQ ∧ ω

=

∫
S0

ω.

3.2 Computation of the Mathai-Quillen form

Let us now compute explicitely the Mathai-Quillen form constructed in 3.1.5.

3.2.1 The section sx

Suppose that x is a vector in XR with Q(x,x) > 0. Then

D+
x :=

{
z ∈ D+ | z ⊂ x⊥

}
.

Let pr : XR −→ z0 be the orthogonal projection on the plane z0. Consider the section

sx : D+ −→ E

z 7−→ [hz,pr(h
−1
z x)],

where hz ∈ H(R)+ is any element sending z0 to z. Let us denote by lh the left action of h ∈ H(R)+

on D+ and E.

Proposition 3.2.1. The section sx is well-defined, Γx-equivariant and its zero locus is precisely

D+
x .

Proof. The section is well-defined, since replacing h by hk gives

sx(z) = [hzk,prk
−1h−1

z x] = [hzk, k
−1prh−1

z x] = [h,pr(h−1
z x)] = sx(z).

Suppose that z = hz0 is in the zero locus of sx, that is to say pr(h−1x) = 0. Then h−1x is in z⊥0 ,
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which is equivalent to hz0 being a subspace of x⊥. Hence the zero locus of sx is exactly D+
x . For

the equivariance, note that we have

sx ◦ lh(z) = [hhz,pr(h
−1
z h−1x)] = lh ◦ sh−1x(z).

Hence if γ ∈ Γx we have sx ◦ lγ = lγ ◦ sx.

We define the pullback of the Mathai-Quillen form by sx

φ0(x) := s∗xUMQ ∈ C∞(Rp+q)⊗ Ωq(D)+.

It is only rapidly decrasing on Rq, and in order to make it rapidly decreasing everywhere we set

φ(x) := e−πQ(x,x)φ0(x) ∈ S (Rp+q)⊗ Ωq(D)+.

Proposition 3.2.2. 1. The form φ0(x) is equal to

(−1)
q(q+1)

2 (2π)−
q
2 exp

(
2πQ

∣∣
z0
(x,x)

)∫ B

exp
(
−2

√
π∇sx + ρ(R)

)
∈ Ωq(D+).

2. It satisfies l∗hφ
0(x) = φ0(h−1x), hence

φ0 ∈
[
Ωq(D+)⊗ C∞(Rp+q)

]H(R)+
.

3. In particular we can view it as form on Γx\D+, and as such it represents a Poincaré dual to

Γx\D+
x .

Proof. 1. Recall that ∇̃ = π∗∇ and R̃ = π∗R. We pullback by sx

E ≃ s∗xẼ Ẽ

D+ E.

π

sx

The pullback connection s∗x∇̃ = ∇ satisfies

s∗x(∇̃s) = (s∗x∇̃)(s∗xs) = ∇sx,

since s∗xs = sx. We also have s∗xR̃ = R and

s∗x∥s∥2 = ∥sx∥2 = ⟨sx, sx⟩ = −Q
∣∣
z0
(x,x).
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The expression for φ0 then follows from the fact that exp and s∗x commute.

2. The bundle E is H(R)+ equivariant, where the left action on E is lh[hz,x] = [hhz,x]. By

construction the Mathai-Quillen is H(R)+-invariant, so l∗hUMQ = UMQ. On the other hand

we also have

sx ◦ lh(z) = lh ◦ sh−1x(z),

and thus l∗hφ
0(x) = l∗hs

∗
xUMQ = φ0(h−1x).

3. Since sx is Γx-equivariant we view it as a section

sx : Γx\D+ −→ Γx\E,

whose zero locus is precisely Γx\D+
x . By Proposition 3.1.7 the Thom form UMQ is a Poincaré

dual of the zero section S0 ⊂ Γx\E. Let Sx := sx(Γx\D+) ⊂ Γx\E be the image of Sx. For

ω ∈ Ωpq−qc (Γx\D+) we have∫
Γx\D+

φ0(x) ∧ ω =

∫
Γx\D+

s∗x (UMQ ∧ π∗ω)

=

∫
Sx

UMQ ∧ π∗ω

=

∫
Sx∩S0

π∗ω

=

∫
Γx\D+

x

ω.

The last step follows from the fact π−1(sx ∩ S0) = Γx\D+
x .

3.2.2 Computation at the identity

From now on we identify XR with Rp+q by the orthonormal basis of (3.1.1), and let z0 be the

negative q-plane spanned by the vectors ep+1, · · · , ep+q. Hence we identify z0 with Rq and the

quadratic form is

Q
∣∣
z0
(x,x) = −

p+q∑
µ=p+1

x2µ,
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where xp+1, . . . , xp+q are the coordinates of x. As in (2.2.4) we have an isomorphism

[
Ωq(D+)⊗ C∞(Rp+q)

]H(R)+ −→
[∧q

p∗ ⊗ C∞(Rp+q)
]K∞

φ 7−→ φ
∣∣
e

by evaluating at the basepoint eK∞ corresponding to z0 in D+. We will now compute φ0
∣∣
e
.

Let fx(h) in C
∞(H(R)+, z0)K∞ be the map associated to the section sx, as in Proposition 3.1.1.

It is defined by

fx(h) = pr(h−1x).

Then dfx + ρ(θ)fx is the horizontal lift of ∇sx. Let X be a vector in g and let Xp and Xk be its

components with respect to the splitting of g as p⊕ k. We have

(dfx + ρ(θ)fx)e(X) = defx(Xp).

In particular we can evaluate it on the basis Xαµ and get:

defx(Xαµ) =
d

dt

∣∣∣∣
t=0

fx(exp tXαµ)

= −pr(Xαµx)

= −pr(xµeα + xαeµ)

= −xαeµ.

So as an element of p∗ ⊗ z0 we can write

defx = −
p+q∑

µ=p+1

(
p∑

α=1

xαωαµ

)
⊗ eµ = −

p∑
α=1

xαηα,

with

ηα :=

p+q∑
µ=p+1

ωαµ ⊗ eµ ∈ Ω1,1.

Proposition 3.2.3. Let ρ(R)e in ∧2p∗ ⊗ so(z0) be the curvature at the identity. Then after iden-

tifying so(z0) with ∧2z0 we have

ρ(R)e = −1

2

p∑
α=1

η2α ∈ ∧2p∗ ⊗ ∧2z0,
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where η2α = ηα ∧ ηα.

Proof. Using the relation EijEkl = δilEkj one can show that

[Xαµ, Xβν ] = δµνXαβ + δαβXµν

for two vectors Xαν and Xβµ in p. Hence we have

Re(Xαν ∧Xβµ) = [θ(Xαν), θ(Xβµ)]− θ([Xαν , Xβµ])

= −θ([Xαν , Xβµ])

= −p (δαβXνµ + δνµXαβ)

= −δαβXνµ.

On the other hand, since ηi(Xjr) = δijer, we also have

p∑
i=1

η2i (Xαν ∧Xβµ) =

p∑
i=1

ηi(Xαν) ∧ ηi(Xβµ)− ηi(Xβµ) ∧ ηi(Xαν)

= 2δαβeν ∧ eµ.

The lemma follows since ρ(Xνµ) = T (eν ∧ eµ) in so(z0), because

Q(ρ(Xνµ)eν , eµ)eν ∧ eµ = −Q(eµ, eµ)eν ∧ eµ = eν ∧ eµ.

Using the fact that the exponential satisfies exp(ω+η) = exp(ω) exp(η) on the subalgebra
⊕

Ωi,i

- see Remark 3.1.1 - we can write φ0
∣∣
e
(x) as

(−1)
q(q+1)

2 (2π)−
q
2 exp

(
2πQ

∣∣
z0
(x,x)

)∫ B p∏
α=1

exp

(
2
√
πxαηα − 1

2
η2α

)
. (3.2.1)

We define the n-th Hermite polynomial by

Hn(x) :=

(
2x− d

dx

)
· 1 ∈ R[x].

The first few examples are H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2...
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Lemma 3.2.4. Let η ∈
⊕

Ωi,i. Then

exp(2xη − η2) =
∑
n≥0

1

n!
Hn(x)η

n,

where Hk is the k-th Hermite polynomial.

Proof. Since η and η2 are in
⊕

Ωi,i, they commute and we can use the binomial formula:

exp(2xη − η2) =
∑
k≥0

1

k!

(
2xη − η2

)k
=
∑
k≥0

1

k!

k∑
l=0

(
k

l

)
(2xη)k−l

(
−η2

)l
=
∑
k≥0

1

k!

k∑
l=0

(
k

l

)
(2x)k−l(−1)lηl+k

=
∑
n≥0

Pn(x)η
n,

where

Pn(x) :=
∑

0≤l≤k≤n
k+l=n

(−1)l

l!(k − l)!
(2x)k−l.

The conditions on k and l imply that n ≤ 2k. First suppose that n is even, then we have n
2 ≤ k ≤ n

and the sum above can be written

n∑
k=n

2

(−1)n−k

(n− k)!(2k − n)!
(2x)2k−n =

n
2∑

m=0

(−1)
n
2
−m

(n2 −m)!(2m)!
(2x)2m

=
1

n!
Hn(x),

where in the second step we set m = k − n
2 . If n is odd then n+1

2 ≤ k ≤ n and the sum can be

written

n∑
k=n+1

2

(−1)n−k

(n− k)!(2k − n)!
(2x)2k−n =

n−1
2∑

m=0

(−1)
n−1
2

−m

(n−1
2 −m)!(2m+ 1)!

(2x)2m+1

=
1

n!
Hn(x).
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Applying Lemma 3.2.4 to (3.2.1) we get

∫ B p∏
α=1

exp

(
2
√
πxαηα − 1

2
η2α

)
=

∫ B p∏
α=1

exp

(
2
√
2πxα

ηα√
2
−
(
ηα√
2

)2
)

=

∫ B p∏
α=1

∑
n≥0

2−n/2

n!
Hn

(√
2πxα

)
ηnα.

Expanding the product gives

∑
n1,...,np

2−
n1+···+np

2

n1! · · ·np!
Hn1

(√
2πx1

)
· · ·Hnp

(√
2πxp

)∫ B

ηn1
1 ∧ · · · ∧ ηnpp . (3.2.2)

If n1 + · · ·+ np ̸= q, then the Berezinian of ηn1
1 ∧ · · · ∧ ηnpp is 0 and (3.2.2) is equal to

2−
q
2

∑
n1+···+np=q

Hn1

(√
2πx1

)
· · ·Hnp

(√
2πxp

)
n1! · · ·np!

∫ B

ηn1
1 ∧ · · · ∧ ηnpp .

Note that

ηnαα =

 p+q∑
µ=p+1

ωαµ ⊗ eµ

nα

=
∑

µ1,...,µnα

(ωαµ1 ⊗ eµ1) ∧ · · · ∧ (ωαµnα ⊗ eµnα )

= nα!
∑

µ1<···<µnα

(ωαµ1 ⊗ eµ1) ∧ · · · ∧ (ωαµnα ⊗ eµnα ),

where the sums are over all p+ 1 ≤ µi ≤ p+ q. If n1 + · · ·+ np = q we have

∫ B

ηn1
1 ∧ · · · ∧ ηnpp =

∫ B p∏
α=1

 p+q∑
µ=p+1

ωαµ ⊗ eµ

nα

=

∫ B p∏
α=1

nα!
∑

µ1<···<µnα

(ωαµ1 ⊗ eµ1) ∧ · · · ∧ (ωαµnα ⊗ eµnα )

= n1! · · ·np!
∑∫ B

(ωα(p+1) ⊗ e1) ∧ · · · ∧ (ωα(p+q) ⊗ eq)

= (−1)
q(q+1)

2 n1! · · ·np!
∑

ωα1(p+1) ∧ · · · ∧ ωαq(p+q),

where the sums in the last two lines go over all tuples α = (α1, . . . , αq) such that 1 ≤ αi ≤ p and
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the value 1 ≤ i ≤ p appears exactly ni-times in α. Hence φ0
∣∣
e
(x) is equal to

2−qπ−
q
2

∑
ωα1p+1 ∧ · · · ∧ ωαqp+q ⊗Hn1

(√
2πx1

)
· · ·Hnp

(√
2πxp

)
exp

(
2πQ

∣∣
z0
(x,x)

)
.(3.2.3)

After multiplying by exp (−πQ(x,x)) we get that φ
∣∣
e
(x) is given by

2−qπ−
q
2

∑
ωα1p+1 ∧ · · · ∧ ωαqp+q ⊗Hn1

(√
2πx1

)
· · ·Hnp

(√
2πxp

)
exp

(
−πQ+

z0(x,x)
)
.

The form is now rapidly decreasing in x, since the Siegel majorant

Q+
z0(x,x) = πQ(x,x)− 2πQ

∣∣
z0
(x,x)

is positive definite, thus

φ
∣∣
e
∈
[∧q

p∗ ⊗ S (Rp+q)
]K∞

.

Theorem 3.2.5. We have 2−
q
2φ(x) = φKM (x).

Proof. It is a straightforward computation to show that

(2π)−nα/2Hnα

(√
2πxα

)
exp(−πx2α) =

(
xα − 1

2π

∂

∂xα

)nα
exp(−πx2α).

Hence applying this we find that φKM
∣∣
e
(x), defined by the Howe operators in (2.2.5), is

2−q(2π)−
q
2

∑
ωα1p+1 ∧ · · · ∧ ωαqp+q ⊗Hn1

(√
2πx1

)
· · ·Hnp

(√
2πxp

)
exp

(
−πQ

∣∣
z0
(x,x)

)
.

Comparing with (3.2.3) we find that

φKM
∣∣
e
(x) = 2−

q
2 e−πQ(x,x)φ0

∣∣
e
(x) = 2−

q
2φ
∣∣
e
(x).

3.3 Examples

1. Let us compute the Kudla-Millson as above in the simplest setting of signature (1, 1). Let

XR = R2 with the quadratic form Q(x,y) = x′y + xy′ where x = (x, x′) and y = (y, y′). Let

e1 =
1√
2
(1, 1) and e2 =

1√
2
(1,−1). We identify z0 = Re2 with R, where the quadratic form is
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simply −r2. The projection map is given by

pr: XR −→ z0

x = (x, x′) 7−→ x− x′√
2
.

The orthogonal group of XR is

H(R)+ =

{(
t 0

0 t−1

)
, t > 0

}
,

and we have D+ = R>0. The bundle is E = R>0 × R, and the connection is ∇ = d since the

bundle is trivial. Hence the Mathai-Quillen form is

UMQ =
√
2e−2πr2dr ∈ Ω1(E),

as in the proof of Proposition 3.1.5. For x = (x, x′) the section sx : R>0 → E is given by

sx(t) =

(
t,
t−1x− tx′√

2

)
,

and we obtain

s∗xUMQ = e−π(
x
t
−tx′)

2 (x
t
+ tx′

) dt
t
.

Hence after multiplication by 2−
1
2 e−πQ(x,x) we get

φKM (x) = 2−
1
2 e

−π
[
(xt )

2
+(tx′)2

] (x
t
+ tx′

) dt
t

2. The second example illustrates the functorial properties of the Mathai-Quillen form. Suppose

that we have an orthogonal splitting XR =
⊕r

i X
i
R, where X

i
R has signature (pi, qi). Let Di

be the symmetric space associated to Xi
R. We view the product D1× · · ·×Dr as the subspace

of D+:

D1 × · · · × Dr ≃

{
z ∈ D | z =

r⊕
i=1

z ∩Xi
R

}
.

Suppose we fix z0 = z10 ⊕ · · · ⊕ zr0 ∈ D+
1 × · · · ×D+

r ⊂ D, where zi0 is a negative qi-plane in Xi
R.

Let H i
R be the subgroup preserving Xi

R, let K∞,i the stabilizer of z
i
0, and Di be the symmetric

space associated to Xi
R.
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Over D+
1 × · · · × D+

r the bundle E splits as an orthogonal sum E = E1 ⊕ · · · ⊕ Er, where

Ei = Hi(R)+×K∞,i z
i
0. Moreover the restriction of the Mathai-Quillen form to this subbundle

is

UMQ

∣∣
E1×···×Er = U1

MQ ∧ · · · ∧ U rMQ,

where U iMQ is the Mathai-Quillen form on Ei. The section sx also splits as a direct sum ⊕sxi
where xi is the projection of x onto Xi

R. In summary the following diagram commutes

E1 ⊕ · · · ⊕ Er E

D+
1 × · · · × D+

r D+

⊕sxi sx ,

and we can conclude that

φKM (x)
∣∣
D+
1 ×···×D+

r
= φ1

KM (x1) ∧ · · · ∧ φrKM (xr)

where φiKM is the Kudla-Millson form on D+
i .
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In the previous chapter we considered the Kudla-Millson form for an arbitrary quadratic space.

In this chapter, we specialize to a case where XQ is obtained by restriction of scalars and has parallel

signature (N,N). The spaceMK is of dimension N2, and the theta series ΘKM (τ, φf ) is an N -form.

Given a totally odd finite order unitary1 Hecke character ψ : F×\A×
F −→ U(1) we define in Section

4.3.2 a relative cycle

C ⊗ ψ ∈ ZN (MK , ∂MK ;R)

on which we will integrate ΘKM (τ, φf ). We show that this integral is the diagonal restriction of

an Eisenstein series and we compute the Fourier coefficients in terms of intersection numbers. In

Section 4.4 we specialize to the case where F is a quadratic field and recover [DPV21, Theorem. A];

see Corollary 4.4.12.1.

4.1 Notations

4.1.1 Number fields

Let F = Q(λ) be a totally real field of degree N , let fλ be the minimal polynomial of λ, and O be

the ring of integers. We will write FQ when we want to emphasize that we view F as a Q-vector

space. Let ϵ1, . . . , ϵN be an oriented Z-basis of O. With this basis we identify FQ ≃ QN as column

vectors. For µ ∈ F× we define the map γ(µ) ∈ GLN (Q) obtained by left multiplication on FQ. The

image of this representation is

Cλ(Q) := {g ∈ GLN (Q)| gγ(λ) = γ(λ)g} ,

the centralizer of γ(λ). It is a maximal R-split torus in GLN (Q). We have a non-degenerate pairing

F × F −→ Q

(x, y) 7−→ trF/Q(xy), (4.1.1)

1In this chapter ψ will always be unitary
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and the dual of O is the inverse different ideal d−1
F . Let σ1, . . . , σN be the N real embeddings of F .

We order them such that the matrix

g∞ :=


σ1(ϵ1) . . . σ1(ϵN )

...
...

σN (ϵ1) . . . σN (ϵN )

 ∈ GLN (R) (4.1.2)

has positive determinant. We let

A := tg∞g∞ = (trF/Q(ϵiϵj))ij ∈ GLN (Q), (4.1.3)

whose determinant

dF = det(A)

is the discriminant of F .

4.1.2 Restriction of scalars

For any v we define the N -dimensional Qv-algebra Fv :=
∏
w|v Fw, and for a finite place v = p we

set Op :=
∏
w|p Ow. At every place we have an embedding

F ↪−→ Fw

λ 7−→ λw,

in particular when v is totally split we have N such embeddings. Let us denote by FQv the Qv-

algebra FQ ⊗Qv. We have an isomorphism of Qv-algebras:

ςv : FQv −→ Fv

α⊗ t 7−→ (αwt)w|v, (4.1.4)

which induces an isomorphism O ⊗Z Zp ≃ Op at the finite places; see [Wie85] for a proof. We

fix a basis Zv basis of Ow for w | v which induces an isomorphism Fv ≃ QN
v . For t ∈ F×

v we let

g(t) ∈ GL(FQv) ≃ GLN (Qv) be the map induced from left multiplication on Fv. Then there is

gv ∈ Hom(FQv , Fv) ≃ GLN (Qv) such that for every t ∈ F we have

γ(ς−1t) = g−1
v g(t)gv ∈ GLN (Qv).
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However we will usually identify FQv and Fv and simply write γ(t) instead of γ(ς−1t). In the case

where v = ∞, then F∞ = RN . For t = (t1, . . . , tN ) ∈ F∞, we simply have g(t) =

(
t1
. . .

tN

)
and

we can take g∞ as in (4.1.2). Let FA := FQ ⊗ A. The map ς := ⊗vςv induces an isomorphism

ς : FA −→ AF ,

which also identifies Ẑ⊗ O ≃ Ô.

4.1.3 Zeta functions and L-functions

For a Schwartz function Φ ∈ S (AF ) we define the Zeta function

ζ(Φ, ψ, s) :=

∫
A×
F

Φ(x)ψ(x)|x|sdt×.

This function converges absolutely for Re(s) > 1 by [Bum97, Proposition. 3.1.4 (iii)]. For a decom-

posable Schwartz function Φ = ⊗Φw ∈ S (AF ) and for Re(s) > 1 the decomposition

ζ(Φ, ψ, s) =
∏
w

ζw(Φ, ψ, s)

is valid, where the product is taken over the places of F and ζw are the local zeta integrals

ζw(Φ, ψ, s) :=

∫
F×
w

Φw(tw)ψw(tw)|tw|sdt×w

which converge for Re(s) > 0. We denote by ζf the finite part of the zeta integral:

ζf (Φ, ψ, s) :=

∫
A×
F,f

Φf (tf )ψf (tf )|tf |sdt×f .

The zeta function ζ(Φ, ψ, s) admits a meromorphic continuation to the complex plane and a func-

tional equation

ζ(Φ, ψ, s) = ζ(Φ∨, ψ−1, 1− s),
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where Φ∨ ∈ S (AF ) is the Fourier transform of Φ defined in (2.1.4). In our case, at an archimedean

place σ, the Schwartz function will be Φσ(t) = e−πt
2
t and the character ψσ(t) = sgn(t). Then

ζ∞(Φ, ψ, s) = 2N

∏
σ|∞

∫ ∞

0
Φσ(tσ)t

s
σ

dtσ
tσ


= 2N

∏
σ|∞

∫ ∞

0
e−πvσt

2
σvσt

1+s
σ

dtσ
tσ


= Λ(s).

where

Λ(s) := Γ

(
1 + s

2

)N
π−

N(1+s)
2 (4.1.5)

At the places where Φw(x) = 1Ow(x) and the character ψ is unramified we have

ζw(Φ, ψ, s) =

∫
O∗
w

ψw(tw)|tw|sdt×w

=
∞∑
m=0

∫
pmw

ψw(tw)|tw|sdt×w

=

∞∑
m=0

∫
O×
w

ψw(πw)
mq−msw ψ(tw)dt

×
w

= vol×(O×
w )

1

1− ψw(πw)q
−s
w

= vol×(O×
w )Lw(ψ, s) (4.1.6)

where O∗
w = Ow − {0} and Lw(ψ, s) are the local factors as in Subsection 2.1.8 for p corrsponding

w.

4.1.4 Hilbert modular forms and Eisenstein series

Let Γ ⊂ SL2(O) be a finite index subgroup. Let (τ1, . . . , τN ) be an element in HN := H× · · · ×H.

The group Γ acts on HN by

γ(τ1, . . . , τN ) = (γ1τN , . . . , γNτN ),

where γi = σi(γ) ∈ SL2(R). A holomorphic function f : HN −→ C is a Hilbert modular form of

weight (k1, . . . , kN ) for Γ if
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1. f(γ1τN , . . . , γNτN ) = (c1τ1 + d1)
k1 · · · (cNτN + dN )

kN f(τ1, . . . , τN ), where γi =
(
ai bi
ci di

)
,

2. if F = Q the f is holomorphic at the cusps.

We say that f has parallel weight k if k1 = · · · = kN = k. If f is a Hilbert modular form then its

diagonal restriction f(τ) := f(τ, . . . , τ) is a modular form of weight k1 + · · ·+ kN for Γ ∩ SL2(Z).
Let ϕσ ∈ S (F 2

σ ) be defined by

ϕσ(xσ) = (−i)e−π|zσ |2zσ

where xσ = (xσ, x
′
σ) and zσ := xσ + ix′σ. Let ϕ = ϕ∞ ⊗ ϕf ∈ S (F 2

A) where ϕ∞ =
∏
σ ϕσ ∈ S (F 2

∞)

and ϕf ∈ S (F 2
Af ) an arbitrary finite Schwartz function. For a totally odd finite order Hecke

character ψ we define the function

Z (g,x, ϕ, ψ, s) :=

∫
A×
F

ωl(g, t)ϕ(x)ψ(t)|t|sdt×,

which converges absolutely for Re(s) > 0. For τ = u+ iv = (τ1, . . . , τN ) ∈ HN let

gτ =

(√
v u/√v

0 1/√v

)
∈ SL2(F∞) ≃ SL2(R)N

be the element that sends (i, . . . , i) to (τ1, . . . , τN ). We define the Eisenstein series

E(τ1, . . . , τN , ϕf , ψ, s) :=
∑

γ∈P (F )\GL2(F )

(v1 · · · vN )−
1
2Z
(
gτ , γ

−1
0 x0, ϕ, ψ, s

)
, (4.1.7)

where P (F ) is the stabilizer of x0 :=
t(1, 0) and γ0 ∈ GL2(F ) is one of the following representatives

for P (F )\GL2(F )

γ0 =

(
1 0

0 1

)
,

(
λ 1

1 0

)
with λ ∈ F×.

The Eisenstein series converges termwise absolutely for Re(s) > N − 1, see [Wie85, Lemme p. 106].

It admits an analytic continuation to the whole plane by [Wie85, Proposition. 9] and we set

E(τ1, . . . , τN , ϕf , ψ) := E(τ1, . . . , τN , ϕf , ψ, s)
∣∣
s=0

.
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Since the Schwartz function decomposes as ϕ = ϕ∞ ⊗ ϕf we can decompose the integral

Z

(
gτ ,

(
m

n

)
, ϕ, ψ, s

)
= Z∞

(
gτ ,

(
m

n

)
, ϕ, ψ, s

)
Zf

(
1,

(
m

n

)
, ϕ, ψ, s

)
.

Lemma 4.1.1. We have

Z∞

(
gτ ,

(
m

n

)
, ϕ, ψ, s

)
=

Λ(1 + s)

(iπ)N
(v1 · · · vN )

1
2
+s

N(m− nτ)|N(m− nτ)|s
.

Proof. Let τσ = uσ + ivσ and gτσ =

(√
vσ uσ/√vσ

0 1/√vσ

)
, then

g−1
τσ

(
m

n

)
=

(
ασ

βσ

)

with ασ = m−nuσ√
vσ

and βσ = n
√
vσ. Thus

∫
F×
∞

ωl(gτ )ϕ∞

(
mt∞

nt∞

)
ψ∞(t∞)|t∞|1+sdt×∞ = 2N

∏
σ

∫ ∞

0
ϕσ

(
ασtσ

βσtσ

)
t1+sσ

dtσ
tσ
,

since ϕσ and ψσ are both odd functions. At the place σ we have

∫ ∞

0
ϕσ

(
ασtσ

βσtσ

)
t1+sσ

dtσ
tσ

= −izσ
∫ ∞

0
e−πt

2
σ |zσ |2t2+sσ

dtσ
tσ
,

where zσ = ασ + iβσ = m−nτσ√
vσ

. The right hand side converges for Re(s) > −2 to

− izσ
2|zσ|2+s

Γ
(
1 +

s

2

)
π−(1+

s
2) =

1

2iπ
Γ
(
1 +

s

2

)
π−

s
2

v
1
2
+s

σ

(m− nτσ)|m− nτσ|s
.

Hence

Z∞

(
gτ ,

(
m

n

)
, ϕ, ψ, s

)
=

Λ(1 + s)

(iπ)N
(v1 · · · vN )

1
2
+s

N(m− nτ)|N(m− nτ)|s
.

Proposition 4.1.2. For γ =

(
a b

c d

)
∈ GL2(F )

+ and ϕf arbitrary we have

E(γτ, ϕf , ψ, s) = |det(γ)|
1
2 N(cτ + d)|N(cτ + d)|sE(τ , ωl(γ

−1)ϕf , ψ, s).
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In particular E(τ , ϕf , ψ) is a Hilbert modular form of parallel weight one for any Γ ⊂ SL2(O) that

preserves ϕf .

Proof. By the GL2-invariance of the sum in (4.1.7) we have∑
γ∈P (F )\GL2(F )

Z
(
gτ , γ

−1
0 x0, ϕ, ψ, s

)
=

∑
γ∈P (F )\GL2(F )

Z
(
gτ , γγ

−1
0 x0, ϕ, ψ, s

)
.

Hence E(τ , ωl(γ
−1)ϕf , ψ, s) is equal to

(v1 · · · vN )−
1
2

∑
γ∈P (F )\GL2(F )

Z∞
(
gτ , γ

−1
0 x0, ϕ∞, ψ∞, s

)
Zf
(
1, γ−1

0 x0, ωl(γ
−1)ϕf , ψf , s

)
= | det(γ)|−

1
2 (v1 · · · vN )−

1
2

∑
γ∈P (F )\GL2(F )

Z∞
(
gτ ,x0, ϕ∞, ψ∞, s

)
Zf
(
1, γγ−1

0 x0, ϕf , ψf , s
)

= | det(γ)|−
1
2 (v1 · · · vN )−

1
2

∑
γ∈P (F )\GL2(F )

Z∞
(
gτ , γ

−1γ−1
0 x0, ϕ∞, ψ∞, s

)
Zf
(
1, γ−1

0 x0, ϕf , ψf , s
)
.(4.1.8)

In Lemma 4.1.1, we see that replacing

(
m

n

)
by γ−1

(
m

n

)
gives

Z∞

(
gτ , γ

−1

(
m

n

)
, ϕ, ψ, s

)
=

1

N(cτ + d)|N(cτ + d)|s
Z∞

(
gγτ ,

(
m

n

)
, ϕ, ψ, s

)
,

and the righthandside of (4.1.8) is

|det(γ)|−
1
2 N(cτ + d)−1|N(cτ + d)|−sE(γτ, ϕf , ψ, s).

4.2 The setting

4.2.1 The quadratic space

Let F be a totally real field of degree N with ring of integers O. Let X0
F := F 2 be the 2-dimensional

quadratic F -space with the quadratic form Q0(x,y) = xy′ + x′y for x = (x, x′) and y = (y, y′) in

F 2. It is represented by the symmetric matrix A(Q0) =

(
0 1

1 0

)
. Let SO(F 2) be its orthogonal
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group over F . We have an embedding

F× ↪−→ SO(F 2)

t 7−→

(
t 0

0 t−1

)
. (4.2.1)

The restriction of scalars XQ := ResF/Q F
2 ≃ F 2

Q with Q := trF/Q ◦ Q0 is a 2N dimensional space

over Q. At every place v of Q let XQv := XQ ⊗Qv = F 2
Qv . Using the Z-basis of O that we fixed we

obtain an isomorphism F 2
Qv ≃ Q2N

v , equipped with the quadratic form

A(Q) =

(
0 A

A 0

)

where A = tg∞g∞ is as in (4.1.3) and is positive definite. Let H(Q) = SO(F 2
Q) be the orthogonal

group of XQ, given by

H(Q) =

{
h ∈ SL2N (Q)

∣∣∣∣∣th
(

A

A

)
h =

(
A

A

)}
.

4.2.2 The space MK

The real vector space XR = F 2
R is of signature (N,N). Let D be the corresponding symmetric space.

Consider the basis e1, . . . , eN , f1, . . . , fN of F 2
R ≃ R2N where ek := (ek, ek) and fk := (ek,−ek) are

in F 2
R, and ek is the standard unit vector in RN . We have Q(ek, ek) = 2 and Q(fk, fk) = −2. We

orient F 2
R by

o(F 2
R) := e1 ∧ · · · ∧ eN ∧ f1 ∧ · · · ∧ fN .

As a basepoint we take the negative N -plane

z0 :=
{
x = (v,−v) ∈ F 2

R
∣∣ v ∈ FR

}
spanned by the vectors f1, . . . , fN . We fix the orientation o(z0) = f1 ∧ · · · ∧ fN . Let D+ be the

connected component of D containing the oriented plane z0.

Lemma 4.2.1. For z0 as above we have

K∞(z0) = h−1
∞

{
1

2

(
k1 + k2 k1 − k2

k1 − k2 k1 + k2

)
, ki ∈ SO(N)

}
h∞,
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where h∞ :=

(
g∞ 0

0 g∞

)
.

Proof. We have an isomorphism of quadratic spaces

F 2
R −→ R2N(

v

v′

)
7−→

(
x

y

)
=

1

2

(
v + v′

v − v′

)
,

where the righthandside is equipped with the quadratic form txAx− tyAy. It maps z0 to the negative

plane x = 0, whose stabilizer are the matrices

(
k′1 0

0 k′2

)
with tk′iAk

′
i = A i.e. k′i ∈ g−1

∞ SO(N)g∞.

Hence

K∞(z0) =

{
1

2

(
k′1 + k′2 k′1 − k′2
k′1 − k′2 k′1 + k′2

)
, k′i ∈ g−1

∞ SO(N)g∞

}
and the result follows after setting k′i = g−1

∞ kig∞.

We take a Schwartz function φf ∈ S (F 2
A) fixed by a open compact Kf ⊂ H(Af ). Let K =

K∞Kf and define the space

MK := H(Q)\H(A)/K ≃
r⊔
i=1

Mhi

where Mhi = Γhi\D+, where hi ∈ H(Af ) and Γhi as in Subsection 2.2.5. Let

ΘKM (τ, φf ) ∈ ΩN (MK)

be the Kudla-Millson theta series, defined in Subsection 2.2.9.

4.3 Integral of ΘKM over a relative class C ⊗ ψ

We will now define a relative cycle C⊗ψ ∈ ZN (MK , ∂MK ;R) and compute the pairing
∫
C⊗ψ ΘKM (τ, φf ).

4.3.1 The seesaw

Let W 0
F = X0

F ⊕ X0
F be the 4-dimensional symplectic F -space as in Subsection 2.1.9, and let

WQ = ResF/QW
0
F be the restriction of scalars. Then WQ = XQ ⊕XQ and it is a 4N -dimensional

symplectic Q-space. Let F 2
w be the completion of the quadratic space at a place w of F . The
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isomorphism ςv : FQv −→ Fv from (4.1.4) induces an isomorphism of quadratic Qv-spaces

F 2
v :=

⊕
w|v

F 2
w ≃ F 2

Qv .

Hence we obtain a natural embedding SO(F 2
v ) ⊂ H(Qv). We compose this embedding with the

isomorphism (4.2.1) to get

h : F×
v ↪−→ H(Qv),

that we will describe more concretely. First note that we can embed GLN (Qv) ⊂ H(Qv) by

GLN (Qv) ↪−→ H(Qv)

M 7−→

(
#M 0

0 M

)

where #M = A−1 tM−1A. The embedding h is obtained by composing it with the embedding

γ : F×
v ↪−→ GLN (Qv):

h : F×
v ↪−→ H(Qv)

tv 7−→

#γ(tv) 0

0 γ(tv)

 .

Note that at infinity we have γ(t∞) = g−1
∞ g(t∞)g∞, hence #γ(t∞) = γ(t−1

∞ ) and

h(t∞) = h−1
∞

g(t∞)−1 0

0 g(t∞)

h∞

where h∞ =

(
g∞ 0

0 g∞

)
. The centralizer of F×

v in Sp(WQv) is SL2(Fv) =
∏

SL2(Fw), embedded in

Sp(WQv) by

SL2(Fv) ↪−→ Sp(WQv)

(
a b

c d

)
7−→


γ(a) γ(b)

γ(a) γ(b)

γ(c) γ(d)

γ(c) γ(d)

 .
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We obtain a dual pair F×
v × SL2(Fv) ⊂ Sp(WQv) and a seesaw

H(Qv) SL2(Fv)

F×
v SL2(Qv)

where the righthand side is the diagonal embedding

ι∆ : SL2(Qv) −→ SL2(Fv).

4.3.2 The twisted class C ⊗ ψ

The space F 2
σ is of signature (1, 1). Let Dσ ≃ R× be the corresponding symmetric space. We have

an isomorphism F 2
R ≃ F 2

∞ = ⊕σF
2
σ of quadratic spaces. We can view the product of symmetric

spaces D0 :=
∏

Dσ as the subspace

D0 = Dσ1 × · · · × DσN ≃
{
z ∈ D | z = ⊕σ(z ∩ F 2

σ )
}
,

of D, and D+
0 ≃ RN>0. The image of F×

∞ =
∏
F×
σ by h is precisely the stabilizer of this subspace in

D.
Let ψ : F×\A×

F −→ U(1) be a totally odd Hecke character of finite order and conductor f. Let

K0
∞ be the maximal compact connected subgroup

K0
∞ := {t∞ ∈ {±1}N ,det(t∞) = 1} ⊂ F×

∞.

We set

Mf := F×\A×
F /K

0(f) ≃ F×\D+
0 × A×

F,f/Û(f)

where K0(f) = K0
∞ × Û(f). Suppose that f ⊂ O is small enough that h(Û(f)) ⊂ Kf . Then the

embedding h induces an immersion

h : Mf −→MK . (4.3.1)

We have a decomposition

A×
F,f =

⊔
[a]∈Clf(F )+

F×,+taÛ(f). (4.3.2)
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The double coset space Mf is the disjoint union of symmetric space

Mf =
⊔

[a]∈Clf(F )+

Γa\D+
0 ,

where D+
0 = F×,+

∞ and Γa := F×,+ ∩ taÛ(f)t−1
a = F×,+ ∩ Û(f), since A×

F is commutative. For every

class [a] in the ray class group let Ca ∈ ZN (MK , ∂MK ;R) be the image of the connected component

Γa\F×,+
∞ by the map (4.3.1). It is non compact since

Γa\F×,+
∞ ≃ R>0 × Γa\F 1,+

∞ ,

where F 1 are the elements of norm 1. More precisely the map goes as follows: a point Γat∞ is

mapped to F×(t∞, ta)K
0, which is mapped to

H(Q)(h(t∞), h(ta))Kf = H(Q)(z, h(ta))Kf ,

where z = h(t∞)z0 ∈ D+. We write h(ta) = h−1
a hiKf ∈ H(Q)+hiKf , then

H(Q)(z, h(ta))Kf = H(Q)(haz, hi)Kf

is sent to Γhihaz. If we set D+
a := haD+

0 then Ca is the image of D+
a ⊂ D+ in Mhi . We define the

relative cycle

C ⊗ ψ :=
∑

a∈Clf(F )+

ψ(a)Ca ∈ ZN (MK , ∂MK ;R),

where we view ψ as character on the ray class group.

4.3.3 Restriction to D+
0

Let dt× be the Haar measure on A×
F normalized such that vol×(Û(f)) = 1. We orient F×,+

∞ ≃ RN>0

by the volume form dt×∞ = dt×1 · · · dt×N on F×,+
∞ ≃ RN>0. This induces an isomorphism

∧N
g∗0 ≃ R

and

ΩN (D+
0 ) ≃

[
C∞(RN>0)⊗

∧N
g∗0

]K0
∞

≃ C∞(RN>0)
K0

∞



82 Chapter 4. Diagonal restriction of Eisenstein series

where g0 ≃ RN is the Lie algebra of F×
∞ and the second map is given by evaluation on an oriented

basis. Moreover, combining with (2.2.6) we get isomorphism

[
C∞(F×\A×

F )
]K0(f) −→ ΩN (Mf)

η∞ ⊗ ηf 7−→
∑

a∈Clf(F )+

ηf (ta)η∞dt
×
∞. (4.3.3)

If η̃ in C∞(F×\A×
F )

K0(f) corresponds to η ∈ ΩN (Mf) then∫
Mf

η =
1

vol×(K0
∞)

∫
F×\A×

F

η̃(t)dt×.

Since K0
∞ ≃ {±1}N−1 we have vol×(K0

∞) = 2N−1.

Recall that we have isomorphism

F 2
R ≃ F 2

∞ =
∏
σ

F 2
σ .

Let (xσ1 , . . . ,xσN ) ∈ F 2
∞ be the image of x = (x, x′) in F 2

R, where xσ = (xσ, x
′
σ). We identify FR

with z0 by sending v to (v,−v), and consider the tautological bundle E = H(R)+×K∞ FR over D+,

as in Chapter 3. The bundle splits over D+
0 i.e. we have the diagram

E
∣∣
D+
0
≃ RN>0 × F∞ E

D+
0 ≃ RN>0 D+

⊕sxσ sx , (4.3.4)

where the top map is given by

RN>0 −→ E

(t∞, v) 7−→ [h(t∞), g−1
∞ v].

Moreover the restriction of the section to E
∣∣
D+
0
is given by ⊕σsxσ where

sxσ(tσ) =

(
tσ,

t−1
σ xσ − tσx

′
σ√

2

)
∈ R>0 × Fσ.

Since D+
x is the zero locus sx in D+, the intersection D+

0 ∩ D+
x is the zero locus of ⊕sxσ in D+

0 .
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Proposition 4.3.1. For x ∈ F 2
R the restriction φKM (x)

∣∣
D+
0
corresponds to

ωos(h(t∞))φ∞(x) ∈ C∞(RN>0)
K0

∞

where φ∞(x) =
∏
σ φσ(xσ) ∈ S (F 2

∞) and

φσ(xσ) = exp
(
−πx2σ − πx′σ

2
)
(xσ + x′σ) ∈ S (F 2

σ ).

Proof. It follows from the two examples in Section 3.3 of Chapter 3. First we have

φKM (x)
∣∣
D+
0
= φσ1KM (xσ1) ∧ · · · ∧ φσNKM (xσN )

where φσKM is the Kudla-Millson form of the symmetric space Dσ and xσ is the component of x in

F 2
σ . Secondly we have

φσKM (xσ1) = exp

(
−π
(
xσ
tσ

)2

− π
(
x′σtσ

)2)(xσ
tσ

+ x′σtσ

)
dtσ
tσ
.

Note again that the Kudla-Millson form used here differs by a factor 2
N
2 with the classical Kudla-

Millson that appears in the original paper [KM90].

Let φf ∈ S (F 2
Af ) be the Kf -invariant Schwartz function as before, that we view in S (A2

F,f ) ≃
S (F 2

Af ). For g ∈ SL2(AF ) and t ∈ A×
F let us define

Θ̃os(g, t, φ) :=
∑
x∈F 2

ωos(g, t)φ(x)

where φ := φ∞ ⊗φf ∈ S (A2
F ); it is the kernel for the pair SL2(AF )×A×

F . We view A×
F ⊂ SO(A2

F ),

so it is the ortho-symplectic pair given in Subsection 2.1.9. After fixing g we have a smooth function

Θ̃os(g, ·, φ) ∈
[
C∞(F×\A×

F )
]K0(f)

in the variable t ∈ A×
F . Let

ΘKM (τ, φf )
∣∣
Mf

∈ ΩN (Mf)

be the restriction of the Kudla-Millson theta series to Mf. Let gτ ∈ SL2(R) be the standard matrix

sending i to τ .

Proposition 4.3.2. The function Θ̃os(ι∆(gτ ), ·, φf ) correspond to v
N
2 ΘKM (τ, φf )

∣∣
Mf

in the iso-

morphism (4.3.3).
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Proof. Recall that we defined

ΘKM (τ, φf ) = v−
N
2 Θos(gτ , φKM ⊗ φf ).

First for g ∈ SL2(A) we have

Θos(g, φKM ⊗ φf )
∣∣
Mf

= Θos(g, φKM
∣∣
D+
0
⊗ φf )

=
∑

a∈Clf(F )+

Θos(g, h(ta), φKM
∣∣
D+
0
⊗ φf ) ∈ ΩN (Mf).

Then, using Proposition 4.3.1 we compute

Θos(g, h(ta), φKM
∣∣
D+
0
⊗ φf ) =

∑
x∈F 2

Q

(
ωos(g, ta)φKM

∣∣
D+
0
⊗ φf

)
(x)

=
∑
x∈F 2

Q

(
ωos(g, h(t∞, ta))φ∞ ⊗ φf

)
(x)dt×∞

seesaw
=

∑
x∈F 2

(
ωos(ι∆(g), (t∞, ta))φ∞ ⊗ φf

)
(x)dt×∞.

At g = (gτ , 1) and t = (t∞, ta) it corresponds to Θ̃os(ι∆(gτ ), t, φ) in the isomorphism (4.3.3).

4.3.4 A few integrals

Before passing to the regularized integral of ΘKM (τ, φf ) on C ⊗ ψ, we will need the following

integrals for x ∈ F 2
R and s ∈ C:

J∞(x, s) :=
∏
σ

Jσ(xσ, s), Jσ(xσ, s) :=

∫
R×

ωos(tσ)φσ(xσ)ψ(tσ)|tσ|sdt×σ ,

J∞(x, s)+ :=
∏
σ

Jσ(xσ, s)
+, Jσ(xσ, s)

+ :=

∫
R×

|ωos(tσ)φσ(xσ)| |tσ|sdt×σ .
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Let us also define the following subsets of F 2:

M+ :=
{
x ∈ F 2

∣∣ Q(x,x) > 0
}
,

M− :=
{
x ∈ F 2

∣∣ Q(x,x) < 0
}
,

M× :=M− ⊔M+

l1 :=

{(
x

0

)
∈ F 2

∣∣∣∣∣x ̸= 0

}
,

l2 :=

{(
0

x′

)
∈ F 2

∣∣∣∣∣x′ ̸= 0

}
,

where l1 and l2 are two isotropic lines, spanned by the isotropic vectors e1 :=
t(1, 0) and e2 :=

t(0, 1)

of F 2. For α ∈ R>0 define the K-Bessel function

Ks(α) :=

∫ ∞

0
e−α(β+β

−1)/2βs
dβ

β
.

Lemma 4.3.3. 1. For x = xe1 ∈ l1 and Re(s) < 1 we have

J∞(x, s) =
NF/Q(x)

|NF/Q(x)|1−s
Γ

(
1− s

2

)N
π−

N(1−s)
2 .

2. For x = x′e2 ∈ l2 and Re(s) > −1 we have

J∞(x, s) =
NF/Q(x

′)

|NF/Q(x′)|1+s
Γ

(
1 + s

2

)N
π−

N(1+s)
2 .

3. For x = (x, x′) ∈M× and any s ∈ C we have

J∞(x, s) = |NF/Q(x)|
1+s
2 |NF/Q(x′)|

1−s
2

∏
σ

(
sgn(xσ)K 1−s

2
(2π|x′σxσ|)

+ sgn(x′σ)K 1+s
2
(2π|xσx′σ|)

)
.

4. For x ∈M− ⊂M× we have

J∞(x, 0) = 0.
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Proof. By the definition of φ∞ we have

Jσ(xσ, s) :=

∫ ∞

−∞
exp

(
−π
(
xσ
tσ

)2

− π
(
x′σtσ

)2)(xσ
tσ

+ x′σtσ

)
ψσ(tσ)|tσ|s

dtσ
|tσ|

= (1− ψσ(−1))

∫ ∞

0
exp

(
−π
(
xσ
tσ

)2

− π
(
x′σtσ

)2)(xσ
tσ

+ x′σtσ

)
|tσ|s

dtσ
tσ
. (4.3.5)

Since ψ is totally odd we have ψσ(−1) = −1 at every archimedean place σ and this integral is

nonzero. Note that x ∈ F× is equivalent to xσ ̸= 0 for some σ.

1. Suppose that x′ = 0. Then for Re(s) < 1 we have

Jσ(xσ, s) = 2

∫ ∞

0
exp

(
−πx

2
σ

t2σ

)
xσt

s−1
σ

dtσ
tσ

=
xσ

π
1−s
2 |xσ|1−s

Γ

(
1− s

2

)
.

2. Suppose that x = 0. Then for Re(s) > −1 we have

Jσ(xσ, s) = 2

∫ ∞

0
exp

(
−πx′σ

2
t2
)
x′σt

1+s
σ

dtσ
tσ

=
x′σ

π
1+s
2 |x′σ|1+s

Γ

(
1 + s

2

)
.

3. Suppose that xσx
′
σ ̸= 0. Then, using the substitution t =

√∣∣∣x′σxσ ∣∣∣u we have for any s ∈ C

Jσ(xσ, s) = 2|xσ|
1+s
2 |x′σ|

1−s
2

∫ ∞

0
e−π|x

′
σxσ |(u−2+u2) (sgn(xσ)u1+s + sgn(x′σ)u

s−1
) du
u

= |xσ|
1+s
2 |x′σ|

1+s
2

(
sgn(xσ)K 1+s

2
(2π|xσx′σ|) + sgn(x′σ)K 1−s

2
(2π|xσx′σ|)

)
.

We made use of the substitution v = u2 and the fact that K−s = Ks.

4. Since M− ⊂M× we have by 3. that

J∞(x, 0) =
∏
σ

(
sgn(xσ) + sgn(x′σ)

)√
|xσx′σ|K 1

2
(2π|xσx′σ|).

This can only be non-zero if sgn(xσx
′
σ) = 1 for all σ since xσ ̸= 0, which implies that

Q(x,x) = trF/Q(xx
′) =

∑
σ

xσx
′
σ =

∑
σ

|xσx′σ| ≥ 0.
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4.3.5 Regularization of the integral

We define the integral

I(τ1, . . . , τN , φ, ψ, s) :=
(v1 · · · vN )−

1
2

vol×(K0
∞)

∫
F×\A×

F

Θ̃os(gτ , t, φ)ψ(t)|t|sdt×

where τ = u + iv = (τ1, . . . , τN ) ∈ HN . In this section we want to show that the integral

I(τ1, . . . , τN , φ, ψ, s) converges absolutely in a regularized way. Note that for the diagonal restriction

to (τ, . . . , τ) we have

I(τ, φ, ψ, s) := I(τ, . . . , τ, φ, ψ, s) =
v−

N
2

vol×(K0
∞)

∫
F×\A×

F

Θ̃os(ι∆(gτ ), t, φ)ψ(t)|t|sdt×.

Remark 4.3.1. It follows from (4.3.5) that the integral vanishes if for one place we have ψσ(−1) = 1

i.e. if ψ is not totally odd.

Since the trace form is non degenerate we can write

F 2 − (0, 0) = l1 ⊔ l2 ⊔M×.

Hence we can also split the theta series Θ̃os(g, t, φ) as a sum of three terms

Θ̃os(g, t, φ) = Θ̃(l1)
os (g, t, φ) + Θ̃(l2)

os (g, t, φ) + Θ̃×
os(g, t, φ) (4.3.6)

where we restrict the summation to the sets above. In view of the next proposition we call the

first two terms Θ̃
(li)
os (g, t, φ) the singular terms and the third one the regular term. The integral

I(τ1, . . . , τN , φ, ψ, s) can also be written as a sum

I(l1)(τ1, . . . , τN , φ, ψ, s) + I(l2)(τ1, . . . , τN , φ, ψ, s) + I×(τ1, . . . , τN , φ, ψ, s)

The following proposition shows that the two first integrals do not converge on the same domain.

However we will see that they have a meromorphic continuation to the whole plane which allows to

define the integrals for every s ∈ C.

Proposition 4.3.4. The regular term converges for every s ∈ C. The singular terms converge for

Re(s) < −1 on l1 and Re(s) > 1 on l2.

Proof. Let ν := Re(s) and A be either M× or one of the isotropic lines l1 or l2. After taking the

absolute value the action of ω(gτk) is simply rescaling by
√
vk so we can assume τk = i for showing
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the convergence. Let H0(∞) := (R×)N × Û(f). By the decomposition (4.3.2) we have a surjection⊔
[a]∈Clf(F )+

taH
0(∞) −→ F×\A×

F .

Since ψ is unitary we have∫
F×\A×

F

∑
x∈A

∣∣∣(ωos(t)φ) (x)ψ(t)∣∣∣|t|νdt×
≤

∑
[a]∈Clf(F )+

∫
taH0(∞)

∑
x∈A

∣∣∣(ωos(t)φ) (x)∣∣∣|t|νdt× (4.3.7)

=
∑

[a]∈Clf(F )+

|ta|ν
∫
H0(∞)

∑
x∈A

∣∣∣(ωos(tta)φ) (x)∣∣∣|t|νdt×.
The result does not depend on the finite Schwartz function, so we can replace φf by ωos(ta)φf and

we have to show the convergence of∫
H0(∞)

∑
x∈A

∣∣∣(ωos(t)φ) (x)∣∣∣|t|νdt×.
It is equivalent to that of

∑
x∈A

∫
H0(∞)

∣∣∣(ωos(t)φ) (x)∣∣∣|t|νdt×.
Since Û(f) ⊂ Ô× we can bound the previous integral

∑
x∈A

∫
H0(∞)

∣∣∣(ωos(t)φ) (x)∣∣∣|t|νdt× ≤
∑
x∈A

J∞(x, ν)+Jf (x, ν)
+, (4.3.8)

where

Jf (x, ν)
+ =

∫
Ô×

∣∣∣(ωos(tf )φ) (x)∣∣∣|tf |νdt×f .
Suppose2 that supp(φf ) ⊂ Ô2, let Cw := supx∈F 2

w
|φw(x)| and C :=

∏
w<∞Cw. Note that Cw = 1

for almost all places w of F . Then

Jf (x, ν)
+ ≤ C

∫
Ô×

∣∣∣1Ô
(t−1
f x)1

Ô
(tfx

′)
∣∣∣ |tf |νdt×f

= C vol×(Ô×)1
Ô2(x).

2We always have supp(φf ) ⊂ mÔ2 for some m ∈ F×.
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Hence we can bound (4.3.8) by∑
x∈A

J∞(x, ν)+Jf (x, ν)
+ ≤ C vol×(Ô×)

∑
x∈A∩Ô2

F

J∞(x, ν)+. (4.3.9)

1. Suppose that A =M×. Following the proof of Lemma 4.3.3 we see that

J∞(x, ν)+ ≤ |N(x)|
1+ν
2 |N(x′)|

1−ν
2

∏
σ

(
K 1−ν

2
(2π|x′σxσ|) +K 1+ν

2
(2π|xσx′σ|)

)
.

For ν ∈ R we have the bound

Kν(α) < 22(|ν|+1)

(
1 +

Γ(|ν|+ 1)

α|ν|+1

)
e−α,

see [O’S18, Lemma. 1.3] for example. Thus we can bound

J∞(x, ν)+ ≤ G(x)e−
∑
xσx′σ (4.3.10)

where G(x) is a rational function in x. Since we sum over M× none of the xσ or x′σ are zero.

Hence the right hand side of (4.3.10) is now rapidly decreasing on M× and the sum (4.3.9)

converges.

2. Now suppose that A = l2. Following the proof of Lemma 4.3.3 we can bound (4.3.9) by

∑
x∈l2

J∞(x, ν)+ ≤ Γ

(
1 + ν

2

)N
π−N

1+ν
2

∑
x∈O∗

1

|N(x)|ν
,

which converges for ν > 1.

3. The case A = l1 is similar.

We recall that Λ was defined in (4.1.5) by Λ(s) = Γ
(
1+s
2

)N
π−

N(1+s)
2 .

Proposition 4.3.5. For the singular terms we have

I(l1)(τ1, . . . , τN , φ, ψ, s) = 21−NΛ(−s)(v1 · · · vN )
s
2 ζf (φ1, ψ

−1,−s)

I(l2)(τ1, . . . , τN , φ, ψ, s) = 21−NΛ(s)(v1 · · · vN )−
s
2 ζf (φ2, ψ, s),

where φ1 and φ2 in S (AF ) are defined by φ1(x) = φ

(
x

0

)
and φ2(x

′) = φ

(
0

x′

)
. In particular they

both have a continuation to the whole plane.
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Proof. For the singular term I(l1)(τ1, . . . , τN , φ, ψ, s) we know that we have absolute convergence

for every Re(s) < −1. Hence we can exchange summation and integration and unfold the integral

to get ∫
F×\A×

F

∑
x∈F×

(
ωos(gτ , t)φ

)
(xe1)ψ(t)|t|sdt×

= (v1 · · · vN )
1
2

∫
F×\A×

F

∑
x∈F×

φ1(
√
vt−1x)ψ(t)|t|sdt×

= (v1 · · · vN )
1
2

∫
A×
F

φ1(
√
vt−1x)ψ(t)|t|sdt×.

After the substitution (t∞, tf ) 7→ z = (
√
vt−1

∞ , t−1
f ) we get

= (v1 · · · vN )
1
2
+ s

2

∫
A×
F

φ1(z)ψ(z)
−1|z|−sdz×

= (v1 · · · vN )
1
2
+ s

2 ζ(φ1, ψ
−1,−s).

The result follows after multiplying by vol×(K0
∞)−1(v1 · · · vN )−

1
2 , where vol×(K0

∞) = 2N−1, and us-

ing the computation (4.1.5) of the archimedean zeta function. For the second term the computation

is similar.

Since we supposed that the character is unitary and odd, its restriction to the adèles of norm 1

is never trivial. Hence by [Bum97, Proposition. 3.16], the continued function is entire.

Proposition 4.3.6. Suppose that φ1 or φ2 vanishes. The integral I(τ, φ, ψ, s) can be analytically

continued to the whole plane. The value I(τ, φ, ψ) := I(τ, φ, ψ, s)
∣∣
s=0

at s = 0 is

I(τ, φ, ψ) = 21−Nζf (φ1, ψ
−1, 0) + 21−Nζf (φ2, ψ, 0) +

∑
n∈Q>0

(∫
C⊗ψ

Θn(v, φf )

)
e2iπnτ ,

where κ is 2 if −1 ∈ Kf ∩H(Q)+ and 1 otherwise.

Proof. By Proposition 4.3.4 the singular terms converge on two disjoint half planes. Hence the

assumption that φ1 or φ2 vanishes guarantees that one of the singular terms is zero.

As in (4.3.6) let us write the theta series as the sum

I(τ, φ, ψ, s) = I−(τ, φ, ψ, s) + I(l1)(τ, φ, ψ, s) + I(l2)(τ, φ, ψ, s) + I+(τ, φ, ψ, s)

where the + (respectively the −) means that we sum over positive (respectively negative) vectors.

In particular I× = I− + I+.

For the term I−(τ, φ, ψ, s) we know that we have absolute convergence for every s ∈ C. Hence
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we can exchange summation and integration at s = 0 and we get the bound (as in (4.3.7))

I−(τ, φ, ψ) = v−
N
2 21−N

∫
F×\A×

F

Θ̃−
os(ι∆(gτ ), t, φ)ψ(t)dt

× (4.3.11)

≤ v−
N
2 21−N

∑
a∈Clf(F )+

∑
x∈M−

∫
taH0(∞)

(
ωos(ι∆(gτ ), t)φ

)
(x)ψ(t)dt×

= 21−N
∑

a∈Clf(F )+

∑
x∈M−

eiπuQ(x,x)J∞(
√
vx, 0)

∫
taÛ(f)

(
ωos(t)φf

)
(
√
vx)ψf (t)dt

×.

The vanishing of the integral (4.3.11) follows from Lemma 4.3.3.

For the term I+(τ, φ, ψ, s) we also have absolute convergence for every s ∈ C. Thus, using

Proposition 4.3.2 we can write

I+(τ, φ, ψ) = v−
N
2 21−N

∫
F×\A×

F

Θ̃+
os(ι∆(gτ ), t, φ)ψ(t)dt

×

=
∑

[a]∈Clf(F )+

ψ(a)v−
N
2

∫
Γa\D+

0

Θ̃+
os(ι∆(gτ ), (t∞, ta), φ)dt

×
∞

=

∫
C⊗ψ

Θ+
KM (τ, φf ),

where Θ+
KM (τ, φf ) is the restriction to ΘKM (τ, φf ) to positive vectors. By Lemma 2.2.1 we then

have ∫
C⊗ψ

Θ+
KM (τ, φf ) =

∑
n∈Q>0

(∫
C⊗ψ

Θn(v, φf )

)
e2iπnτ .

Finally, the constant term of I(τ, φ, ψ) is

I(l1)(τ, φ, ψ, 0) + I(l2)(τ, φ, ψ, 0)

and was computed in Proposition 4.3.5. In particular it was shown that I(l1)(τ, φ, ψ, s) and I(l2)(τ, φ, ψ, s)

have an analytic continuation to the whole plane.

4.3.6 Orientations

Before showing that the Fourier coefficients are intersection numbers, we need to fix some orienta-

tions. We fixed the orientations

o(F 2
R) := eσ1 ∧ · · · ∧ eσN ∧ fσ1 ∧ · · · ∧ fσN , o(z0) := fσ1 ∧ · · · ∧ fσN
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of F 2
R and of z0, and we can use it to orient D+ and D+

x as in Subsection 2.2.3. Let us also orient

D+
0 at z0. We restrict the map h to a small interval around 1 such that its image lies in Vz0 , the

chart around z0 consisting of planes that are transverse to z0. More precisely let ϵ > 1 such that

h :

(
1

ϵ
, ϵ

)N
−→ D+

0 ∩ Vz0 .

The differential at (1, . . . , 1) gives a map

dh : RN>0 −→ Tz0D
+
0 ⊂ z∨0 ⊗ z⊥0 ,

and we use the standard orientation o(RN ) = ∂
∂t1

∧ · · · ∧ ∂
∂tN

to orient the tangent space. Hence

orienting D+
0 amounts to a choice of an ordering of the places σk.

Lemma 4.3.7. We have dh
(
∂
∂ti

)
= f∨i ⊗ ei.

Proof. Without loss of generality we take i = 1. Let ρ : R −→
(
1
ϵ , ϵ
)N

be the curve ρ(u) =

(eu, 1 · · · , 1) be the curve representing ∂
∂t1

. We have

h(ρ(u))z0 = h(γ(u)) span
〈
f1, . . . , fN

〉
= span

〈eu − e−u

2
e1 +

eu + e−u

2
f1, f2, . . . , fN

〉
= span

〈eu − e−u

eu + e−u
e1 + f1, f2, . . . , fN

〉
=: z(u).

As an element of z∨0 ⊗ z⊥0 we have

z(u) =
eu − e−u

eu + e−u
f∨1 ⊗ e1.

Then dh
(
∂
∂t

)
is equal to

d

du
z(u)

∣∣∣∣
u=0

= f∨1 ⊗ e1.

4.3.7 The positive Fourier coefficients as intersection numbers

In this subsection we show that the Fourier coefficients
∫
C⊗ψ Θn(v, φf ) are intersection numbers, it

is the content of Proposition 4.3.10.
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Proposition 4.3.8. Let x ∈ F 2 with Q(x,x) > 0. Then

|D+
0 ∩ D+

x | =

1 if sgn(xσx
′
σ) = 1 for all σ

0 otherwise,

and it only depends on the O×,+ orbit of x, where we view O×,+ in Γ′
hi

embedded via h : F×
∞ ↪−→

H(R)+. Furthermore the intersection is transversal and we have

〈
D+
x ,D+

0

〉
=

(−1)N sgnN(x) if sgn(xσx
′
σ) = 1 for all σ

0 otherwise.

Proof. The set D+
0 ∩ D+

x is precisely the zero locus of ⊕σsxσ : D+
0 −→ D+

0 × F∞, where

sxσ(tσ) =

(
tσ,

t−1
σ xσ − tσx

′
σ√

2

)
∈ R>0 × Fσ,

see the diagram (4.3.4). This section vanishes exactly when t2σ = xσ
x′σ

for all σ. This has precisely

one solution when sgn(xσx
′
σ) = 1 for all σ.

Suppose that the intersection point is z0. We have o(Nz0D+
x ) = (f∨1 ⊗ x) ∧ · · · ∧ (f∨N ⊗ x) and

o(Tz0D
+
0 ) = (f∨1 ⊗ e1) ∧ · · · ∧ (f∨N ⊗ eN ). Since z0 ∈ D+

x we have x ∈ z⊥0 . Hence we can write

x = t(x, x) =
∑

j xjej and

qz0(o(Tz0D
+
0 ), o(Nz0D+

x )
)
= det

(
−Q(f∨i , f

∨
j )Q(ei,x)

)
ij

= (−1)N2N
∏
j

xj = (−1)N2N N(x),

where the factor 2N comes from Q(f∨i , f
∨
j ) = 2δij . Hence the intersection is transversal and

〈
D+
x ,D+

0

〉
= (−1)N sgnN(x).

Now suppose that the intersection point is z ̸= z0. Then for some t∞ = (t1, . . . , tN ) with tj > 0 we

have z = h(t∞)z0 and thus

z0 = h(t∞)−1
(
D+
0 ∩ D+

x

)
= D+

0 ∩ D+
h(t∞)−1x

.

The intersection at z0 is transversal and since h(t∞) is orientation preserving (since tj > 0) the sign

of
〈
D+
x ,D+

0

〉
equals the sign of

〈
D+
h(t∞)−1x

,D+
0

〉
= (−1)N sgn

∏
t−1
j xj = (−1)N sgnN(x).
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Consider the set

Lhi(φf ) =
{
x ∈ F 2

Q
∣∣φf (h−1

i x) ̸= 0
}
.

There exists an m ∈ F× such that supp(φf ) ⊂ mÔ2, hence there is an mi ∈ F× so that Lhi(φf ) ⊂
miO2. Let Γ′

hi
be the subgroup defined in 2.2.8.

Proposition 4.3.9. Let x ∈ Lhi(φf ). The intersection D+
a ∩D+

y is non-zero for only finitely many

orbits O×,+y ∈ O×,+\Γ′
hi
x.

Proof. Let Q(x,x) = 2n for some n ∈ Q. For every y ∈ Γ′
hi
x we have Q(y,y) = 2n. Since

D+
a ∩D+

y = ha

(
D+
0 ∩ D+

h−1
a y

)
it is enough to prove the statement for the intersection D+

0 ∩D+
y . We

begin by showing that if K ⊂ D+ is a compact subset then K ∩ D+
y is non-empty for only finitely

many y ∈ Γ′
hi
x. For a negative plane z ∈ D+ and y ∈ F 2 we have

Q(y,y) = Q(yz⊥ ,yz⊥) +Q(yz,yz)

where y = yz +yz⊥ be the orthogonal decomposition of y with respect to the splitting z⊕ z⊥. The
Siegel majorant

Q+
z (y,y) := Q(yz⊥ ,yz⊥)−Q(yz,yz)

is a positive definite quadratic form. If z ∈ D+
y then z ⊂ y⊥ and Q+

z (y,y) = Q(y,y) = 2n.

Since the Siegel majorant is positive definite we can find real numbers Mz > mz > 0 such that

mz∥y∥2 ≤ Q+
z (y,y) ≤Mz∥y∥2 where ∥−∥ is the Euclidean norm on R2N . Since K is compact and

Q+
z is continuous in z we can also find constants MK > mK > 0 such that

mK∥y∥2 ≤ Q+
z (y,y) ≤MK∥y∥2

for every z ∈ K. Hence for z ∈ D+
y ∩ K we have

2n

MK
=
Q+
z (y,y)

MK
≤ ∥y∥2 ≤ Q+

z (y,y)

mK
=

2n

mK
.

There are only finitely many vectors y of bounded norm in the lattice Lhi(φf ), let alone in an orbit

Γ′
hi
x.
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Now let D+,1
0 ⊂ D+

0 be the subset of elements of norm 1, so that we have a diffeomorphism

D+
0 −→ D+,1

0 × R>0

(tσ1 , . . . , tσN ) 7−→
[(
tσ1 , . . . , tσN−1 ,

1

tσ1 · · · tσN−1

)
, tσ1 · · · tσN

]
For T > 1 we define

D+
0 (T ) := D+,1

0 ×
[
1

T
, T

]
≃
{
(t1, . . . , tN ) ∈ RN>0

∣∣ 1
T

≤ t1 · · · tN ≤ T

}
.

The group O×,+ preserves D+,1
0 , and by Dirichlet’s unit Theorem the quotient is compact. Hence

we can find F ⊂ D+,1
0 such that F is compact and

D+,1
0 =

⊔
λ∈O×,+

λF .

We also set FT := F ×
[
1
T , T

]
so that

D+
0 (T ) =

⊔
λ∈O×,+

λFT .

Suppose that there is T > 1 that only depends on n such that

D+
0 ∩ D+

y = D+
0 (T ) ∩ D+

y . (4.3.12)

Since FT is compact there are finitely many distinct vectors y1, . . . ,yk such that |FT ∩ D+
yi | is

non-zero. For y ∈ F 2 we then have

D+
0 ∩ D+

y = D+
0 (T ) ∩ D+

y

=
⊔

λ∈O×,+

|λFT ∩ D+
y |

=
⊔

λ∈O×,+

λ
(
FT ∩ D+

λ−1y

)
.

This intersection is empty if y lies in none of the orbits O×,+yi.

Finally let us prove (4.3.12). Let y =

(
y

y′

)
be a vector in Lhi with Q(y,y) = 2 trF/Q(yy

′) = 2n.
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If t∞ ∈ D+
0 ∩ D+

y , then yσy
′
σ > 0 and

∏
σ

tσ =
∏
σ

√
yσ
y′σ

=

√∣∣∣∣ N(y)N(y′)

∣∣∣∣.
Since Lhi ⊂ miO2 for some mi ∈ F× we have |N(y)| ≥ |N(mi)| > 0. On the other hand, since

yσy
′
σ > 0 we can use the inequality between arithmetic and geometric mean to show that

2n

N
=
Q(y,y)

N
≥ 2|N(y)N(y′)|

1
N ≥ 2|N(y)N(mi)|

1
N .

Hence

1

|N(mi)|

( n
N

)N
≥ |N(y)| ≥ |N(mi)|.

By replacing y by y′ we obtain the same bound for N(y′), which shows that we can take

T =
1

|N(mi)|

( n
N

)N
2
.

Every connected cycle Ca land in exactly one connected componentMhi ofMK . We can then define

the intersection numbers

〈
Cx(hi), Ca

〉
:=

1

κ

∑
[y]∈O×,+\Γ′

hi
x

〈
D+
y ,D+

a

〉
(4.3.13)

which are well-defined by the previous proposition. We also define

〈
Cn(φf ), C ⊗ ψ

〉
:=

∑
[a]∈Clf(F )+

r∑
i=1

∑
x∈Γ′

hi
\F 2

Q
Q(x,x)=2n

ψ(a)φf (h
−1
i x)

〈
Cx(hi), Ca

〉
, (4.3.14)

where for every class [a] the intersection number
〈
Cx(hi), Ca

〉
is non-zero for at most one hi, corre-

sponding to the connected component of MK that contains Ca.

Remark 4.3.2. Suppose that −1 ∈ Γ′
hi
, thus κ = 2. Since −1 ̸∈ O×,+, every orbit appears twice,

we sum over y = O×,+x and y = −O×,+x in (4.3.13). Since D+
−y = D+

y we are counting the

intersection number
(
D+
y ,D+

a

)
twice and this is why we have to divide by κ = 2.
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Proposition 4.3.10. We have∫
C⊗ψ

Θn(v, φf ) = (−1)Nκ
〈
Cn(φf ), C ⊗ ψ

〉
.

Proof. It is enough to show that∫
Ca

Θn(v, φf ) = (−1)Nκ
〈
Cn(φf ), Ca

〉
.

For x ∈ F 2 with Q(x,x) > 0 we first show that∫
D+
0

φ0(x) = (−1)N
〈
D+
x ,D+

0

〉
. (4.3.15)

We have ∫
D+
0

φ0(x) = 2−NeπQ(x,x)J∞(x, 0)

= 2−N
√
N(xx′)eπQ(x,x)

∏
σ

(
sgn(xσ) + sgn(x′σ)

)
K 1

2
(2π|xσx′σ|).

(4.3.16)

It follows from Lemma 4.3.9 that the intersection D+
0 ∩D+

x is empty if and only if sgn(xσ) ̸= sgn(xσ)

for some σ. Since xσ and x′σ are non-zero (otherwise x would be 0) it follows that this is equivalent

to the vanishing of (4.3.16). Thus we can suppose that sgn(xσ) = sgn(xσ) for all σ. Using the

equality K 1
2
(α) =

√
2π
α e

−α we find that

∫
D+
0

φ0(x) = sgnN(x) = (−1)N
〈
Dx,D+

0

〉
.

By the invariance property of the Kudla-Millson form we have∫
D+
a

φ0(x) =

∫
haD+

0

φ0(x)

=

∫
D+
0

φ0(h−1
a x)

= (−1)N
〈
D+

h−1
a x

,D+
0

〉
= (−1)N

〈
D+
x ,D+

a

〉
. (4.3.17)
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Hence (4.3.15) also holds for D+
a instead of D+

0 . Then we have

∫
Ca

Θn(v, φf ) =
r∑
i=1

∑
x∈Γ′

hi
\F 2

Q
Q(x,x)=2n

φf (h
−1
i x)

∫
Ca

∑
y∈Γ′

hi
x

φ0(
√
vy)

=

r∑
i=1

∑
x∈Γ′

hi
\F 2

Q
Q(x,x)=2n

φf (h
−1
i x)

∑
y∈O×,+\Γ′

hi
x

∫
D+
a

φ0(
√
vy).

Since D+√
vy

= D+
y we then get

∫
Ca

Θn(v, φf ) = (−1)N
r∑
i=1

∑
x∈Γ′

hi
\F 2

Q
Q(x,x)=2n

φf (h
−1
i x)

∑
y∈O×,+\Γ′

hi
x

〈
D+
y ,D+

a

〉

= (−1)Nκ
r∑
i=1

∑
x∈Γ′

hi
\F 2

Q
Q(x,x)=2n

φf (h
−1
i x)

〈
Cx(hi), Ca

〉
.

Hence with Proposition 4.3.6 we get

I(τ, φ, ψ) = 21−Nζf (φ1, ψ
−1, 0) + 21−Nζf (φ2, ψ, 0) + (−1)Nκ

∑
n∈Q>0

〈
Cn(φf ), C ⊗ ψ

〉
e2iπnτ .

4.3.8 Change of model

Recall that W 0
F = X0

F ⊕X0
F ≃ F 4 is a 4-dimensional symplectic space over F , whose restriction of

scalars was WQ = XQ ⊕ XQ. The sympectic form on W 0
F is given by the skew symmetric-matrix(

0 A(Q0)

−A(Q0) 0

)
∈ Mat4(F ) where A(Q

0) =

(
0 1

1 0

)
. Hence the symplectic group of W 0

F is

Sp(W 0
F ) =

{
g ∈ GL4(F )

∣∣∣∣∣tg
(

A(Q0)

−A(Q0)

)
g =

(
A(Q0)

−A(Q0)

)}
.

Since F× ⊂ SO(F 2) we have two different models for the pair SL2(F ) × F× in Sp(W 0
F ): on

the one hand we can use the linear one for GL2(F ) × F×, on the other hand we can use the

orthosymplectic model for SL2(F )×SO(F 2); see Subsection 2.1.9. These models correspond to two
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different embedding ιos, ιl : SL2(F )× F× ↪−→ Sp(W 0
F ) given by

ιos(g, t) =


at bt

at−1 bt−1

ct dt

ct−1 dt−1

 ,

ιl(g, t) =


at −bt
−bt dt

at−1 bt−1

ct−1 dt−1

 ,

where g =
(
a b
c d

)
. With the latter embedding the linear pair SL2(F )×GL1(F ) acts by

ωl(g, t)φ(x) = |t|φ
(
g−1tx

)
,

since

∗(
a −b
−c d

)
=

(
0 1

1 0

) t(
a −b
−c d

)(
0 1

1 0

)
=

(
a b

c d

)−1

.

The two embeddings are conjugate to each other:

Tιos(g, t)T
−1 = ιl(g, t)

where

T :=


1 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 1

 ∈ Sp(W 0
F ).

We denote by F the operator

F : S (A2
F ) −→ S (A2

F )

φ 7−→ ω(T )φ

Using the formula for the Weil representation in (2.1.9) we get

Fφ

(
x

x′

)
=

∫
AF
φ

(
z

x′

)
χ(−xz)dz.
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It is a partial Fourier transform and satisfies

F ◦ ωos(g, t) = ωl(g, t) ◦ F

for every (g, t) ∈ SL2(AF )× A×
F .

Remark 4.3.3. If φ

(
x

x′

)
= φ1(x)φ2(x

′) with φ1 and φ2 in S (AF ), then

Fφ

(
x

x′

)
= φ∨

1 (x)φ2(x
′)

where φ∨ is the Fourier transform on S (AF ), see (2.1.4).

For a Schwartz function ϕ ∈ S (A2
F ), we define

Θ̃l(g, t, ϕ) :=
∑
x∈F 2

(
ωl(g, t)ϕ

)
(x) ∈ C∞(F×\A×

F )
K0(f).

If Fφ = ϕ, then by Poisson summation we have

Θ̃l(g, t, ϕ) = Θ̃os(g, t, φ).

Lemma 4.3.11. Let ϕ∞ := Fφ∞ ∈ S (F 2
∞). We have

ϕ∞(x) = (−i)N
∏
σ

e−π|zσ |
2
zσ

where zσ := xσ + ix′σ.

Proof. We compute

Fφ∞(x) =
∏
σ

ω(T )φσ

(
xσ

x′σ

)

=
∏
σ

∫
R
φσ

(
ασ

x′σ

)
e−2iπασxσdασ

=
∏
σ

∫
R
e−π(x

′2
σ+α

2
σ)(x′σ + ασ)e

−2iπασxσdασ

uσ=ασ+ixσ=
∏
σ

e−π(x
′2
σ+x

2
σ)

∫
R
e−πu

2
σ(uσ + x′σ − ixσ)duσ

= (−i)N
∏
σ

e−π|zσ |
2
zσ.
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Theorem 4.3.12. Suppose that φ1 or φ2 vanishes. The diagonal restriction of the Eisenstein series

E(τ1 . . . , τN , ϕf , ψ) has the Fourier expansion

E(τ, . . . , τ, ϕf , ψ) = ζf (φ1, ψ
−1, 0) + ζf (φ2, ψ, 0) + (−1)N2N−1κ

∑
n∈Q>0

〈
Cn(φf ), C ⊗ ψ

〉
e2iπnτ ,

where φf is such that ϕf = Fφf .

Proof. First by Poisson summation we have

2N−1I(τ1 . . . , τN , φf , ψ, s) = (v1 · · · vN )−
1
2

∫
F×\A×

F

Θ̃os(gτ , t, φ)ψ(t)|t|sdt×

P.S.
= (v1 · · · vN )−

1
2

∫
F×\A×

F

Θ̃l(gτ , t, ϕ)ψ(t)|t|sdt×

= (v1 · · · vN )−
1
2

∫
F×\A×

F

∑
x∈F 2−(0,0)

(
ωl(gτ , t)ϕ

)
(x)ψ(t)|t|sdt×.

Note that by our choice of Schwartz function ϕ∞ we have ϕ∞(0, 0) = 0, hence the term at (0, 0)

does not contribute to the summation. We have a bijection

F× × P (F )\GL2(F ) −→ F 2 − (0, 0)

(u, γ) 7−→ uγ−1
0 x0.

where P (F ) is the stabilizer of x0 =
t(1, 0) and γ0 is one of the following representatives in P (F )

γ0 =

(
1 0

0 1

)
,

(
λ 1

1 0

)
with λ ∈ F×.

Hence the sum ∫
F×\A×

F

∑
x∈F 2−(0,0)

(
ωl(gτ , t)ϕ

)
(x)ψ(t)|t|sdt×

can be unfolded as ∫
F×\A×

F

∑
u∈F×

∑
γ∈P (F )\GL2(F )

(
ωl(gτ , t)ϕ

)
(uγ−1

0 x0)ψ(t)|t|sdt×

=

∫
A×
F

∑
γ∈P (F )\GL2(F )

(
ωl(gτ , t)ϕ

)
(uγ−1

0 x0)ψ(t)|t|sdt×.
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Since we have termwise absolute convergence for Re(s) > N − 1 we can exchange the sum and the

integral:∫
A×
F

∑
γ∈P (F )\GL2(F )

(
ωl(gτ , t)ϕ

)
(uγ−1

0 x0)ψ(t)|t|sdt× =
∑

γ∈P (F )\GL2(F )

Z
(
gτ , γ

−1
0 x0, ϕ, ψ, s

)
.

Thus we get

2N−1I(τ1, . . . , τN , φf , ψ, s) = E(τ1, . . . , τN , ϕf , ψ, s),

and the Fourier expansion follows from 4.3.7.

4.4 Classical formulation for quadratic fields

We want to specialize Theorem 4.3.12 to the case where N = 2 and F = Q(
√
D) a quadratic field

with D > 0 and squarefree. We have O = Z [λ], where λ := dF+
√
dF

2 . and dF is the fundamental

discriminant. We explicit the choices that allow us to recover [DPV21, Theorem. A].

4.4.1 The symmetric space associated to SO(2, 2)

We identify (F 2
Q, Q) with the quadratic space (Mat2(Q), 2 det) via

F 2
Q −→ Mat2(Q)

x =

(
x

x′

)
7−→ [x′, SAx], (4.4.1)

where S =
(
0 −1
1 0

)
. The fact that this is an isometry follows from det[a, b] = taS−1b. Let

H̃(Q) := GL2(Q)×Q× GL2(Q)

= {(g1, g2) ∈ GL2(Q)×GL2(Q) | det(g1) = det(g2)} .

It acts on Mat2(Q) by h̃X := g1Xg
−1
2 , where h̃ = (g1, g2) ∈ H̃(Q). With this identification we have

an isomorphism H̃ ≃ GSpinX , where GSpinX is the spin group of the quadratic space XQ = F 2
Q.

There is an exact sequence

1 −−−→ Q× −−−→ H̃(Q)
ν−−−−→ H(Q) −−−→ 1

where the kernel of ν is given by

Q× =
{
(t12, t12) ∈ GL2(Q)2 | t ∈ Q×} .
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Lemma 4.4.1. The map ν : H̃(Q) −→ H(Q) is given by

ν (g1, g2) =


a #g1

bA−1Sg1
det(g2)

cS−1A #g1
dg1

det(g2)

 ,

where g2 =
(
a b
c d

)
and #g1 = A−1 tg−1

1 A.

Proof. We will use several times the equality −Sg1S = det(g1)
tg−1

1 . Note that the inverse of the

map (4.4.1) is given by

[u, u′] 7−→

(
−A−1Su′

u

)
.

We compute the action separately on the two coordinates x = (x, x′) of F 2
Q. First if x = t(0, 0):

(g1, g2) · [x′, 0] =
1

det(g2)
g1[x

′, 0]

(
d −b
−c a

)
=

1

det(g2)
[dg1x

′,−bg1x′]

which is mapped in F 2
Q to

1

det(g2)

(
bA−1Sg1x

′

dg1x
′

)
.

On the other hand if x′ = t(0, 0) we have

(g1, g2) · [0, SAx] =
1

det(g2)
[0, g1SAx]

(
d −b
−c a

)
=

1

det(g2)
[−cg1SAx, ag1SAx]

This is mapped to (
a #g1x

−cSA #g1x

)
∈ F 2

Q.

The group of real points H̃(R) has two connected components and

H̃(R)+ = {(g1, g2) ∈ GL2(R)×GL2(R) | det(g1) = det(g2) > 0} ,

is the connected component of the identity. Its image is ν
(
H̃(R)+

)
= H(R)+. We have a transitive



104 Chapter 4. Diagonal restriction of Eisenstein series

action of H̃(R)+ on the space D+ of negative lines in Mat2(R) by

z 7−→ h̃z = g1zg
−1
2 ,

where h̃ = (g1, g2). Consider the basis of Mat2(Q)

E1 =

(
1 0

0 1

)
E2 =

(
0 1

−1 0

)

F1 =

(
1 0

0 −1

)
F2 =

(
0 1

1 0

)
,

and the negative plane

X0 = span
〈
F1,F2

〉
=

{(
a b

b −a

)
, a, b ∈ R

}
,

oriented by F1∧F2. Its stabilizer in H̃(R)+ is R>0(SO(2)×SO(2)). Hence the stabilizer of αX0β
−1

for (α, β) ∈ H̃(R)+ is R>0K̃∞(αX0β
−1) where

K̃∞(αX0β
−1) = (α, β) SO(2)× SO(2)(α, β)−1.

Note that under the isomorphism (4.4.1) the negative plane z0 = {(v,−v), v ∈ R2} is mapped to

g−1
∞ X0. On the other hand the group H̃(R)+ acts on H×H by (τ1, τ2) 7→ (g1τ, g2τ2). The stabilizer

of (αi, βi) is R>0K̃∞(αX0β
−1). Hence we have isomorphisms

D+ −→ H̃(R)+/R>0K̃∞(αX0β
−1) −→ H×H

g1(αX0β
−1)g−1

2 7−→ (g1, g2)R>0K̃∞(αX0β
−1) 7−→ (g1αi, g2βi). (4.4.2)

In the other direction we can express the map more concretely by

Ψ: H×H −→ D+

(τ1, τ2) 7−→ X(τ1, τ2) = span
〈
F1(τ1, τ2),F2(τ1, τ2)

〉
(4.4.3)

where

F1(τ1, τ2) =
√
y1y2gτ1F1g

−1
τ2 =

(
y1 −x2y1 − x1y2

0 −y2

)

F2(τ1, τ2) =
√
y1y2gτ1F2g

−1
τ2 =

(
x1 −x1x2 + y1y2

−1 x2

)



4.4. Classical formulation for quadratic fields 105

and gτ =

(√
y x/√y

0 1/√y

)
maps i to τ = x+ iy.

4.4.2 The adelic isomorphism

Let p be some fixed prime (later we will also assume that p is an odd split prime). Let K̃ =

K̃∞(z0)K̃0(p), where

K̃0(p) := K0(p)×det K0(p) ⊂ H̃(Ẑ)

and

K0(p) =

{(
a b

c d

)
∈ GL2(Ẑ), p | c

}
.

By strong approximation for SL2 we know that

SL2(Af ) = SL2(Q)K0(p).

Using the fact that the determinant

det : K0(p)p −→ Z×
p

is surjective for every p, one can also show that we have GL2(Af ) = GL2(Q)+K0(p). Hence the

space

M
K̃

= H̃(Q)\H̃(A)/A×K̃

is connected. The map ν induces an isomorphism

M
K̃

−→MK .

Since

H̃(Q)+ ∩ K̃f = Γ0(p)× Γ0(p)

where Γ0(p) =

{(
a b

c d

)
∈ SL2(Z), p | c

}
, we have

M
K̃

= Y0(p)× Y0(p).
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Remark 4.4.1. Note that the element −1 ∈ H(A) correspond to

(−12,12) ∈ H̃(Q)+ ∩ K̃0(p),

hence in this case we have κ = 2.

4.4.3 Hecke correspondences

Proposition 4.4.2. Let x ∈ GL2(Q)+. After identifying D+ with H × H, the submanifold D+
x is

the correspondence

H ↪−→ H×H

τ 7−→ (xτ, τ).

Proof. We have g1xg
−1
2 = x if and only if g1 = xg2x

−1, which means that the stabilizer of x is

H̃x(R)+ =
{
(xgx−1, g) ∈ H̃(R)+

∣∣∣ g ∈ GL2(R)+
}
≃ GL2(R)+.

We fix the basepoint xX0 ∈ D+ so that the stabilizer is

K̃∞(xX0) := R>0(x SO(2)x−1 × SO(2)).

Moreover, the intersection K̃x(xX0) := H̃x(R)+ ∩ K̃∞(xX0) ≃ R>0 SO(2) and we have an isomor-

phism

GL2(R)+/R>0 SO(2) −→ H̃x(R)+/K̃x(xX0)

gR>0 SO(2) 7−→ (xgx−1, g)K̃x(xX0).

Finally, composing with the identification (4.4.2) we obtain that D+
x is the image of

H −→ H̃x(R)+/K̃x(xX0) ↪−→ H×H

τ 7−→ (xgτx
−1, gτ )K̃x(xX0) 7−→ (xτ, τ).

Let Γ = Γ0(p) for some fixed prime p and define the set

∆0(p) :=

{(
a b

c d

)
∈ Mat2(Z)

∣∣∣∣∣ p | c, (a, p) = 1, ad− bc > 0

}
,
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and ∆0(p)
(n) the subset of matrices of determinant n. Let

(Γ× Γ)x = H̃x(R)+ ∩ (Γ× Γ) =
{
(xγx−1, γ) ∈ Γ× Γ

∣∣ γ ∈ Γx

}
where Γx := Γ ∩ x−1Γx. For x ∈ GL2(Q)+, the special cycle Cx is the correspondence

Γx\H ↪−→ (Γ× Γ)x\H2 −→ Y0(p)× Y0(p)

where the first map is τ 7−→ (xτ, τ) and the second is the projection

(Γ× Γ)x\H2 −→ (Γ× Γ)\H2 = Y0(p)× Y0(p).

Define the open compact

∆̂0(p) :=

{(
a b

c d

)
∈ Mat2(Ẑ)

∣∣∣∣∣ ap ∈ Z×
p , cp ∈ pZp

}
,

that satisfies Mat2(Q)+ ∩ ∆̂0(p) = ∆0(p). If we take as Schwartz function

φf = 1
∆̂0(p)

∈ S (Mat2(AF ))

then for n > 0 we have

Cn(1∆̂0(p)
) =

∑
x∈Γ\∆0(p)(n)/Γ

Cx.

4.4.4 Orientations

In this section we transfer the orientations defined in Subsection 2.2.3 on D+ to H×H. In order to

do so we define a basis of Mat2(Q):

F1(τ1, τ2) =
√
y1y2gτ1F1g

−1
τ2 =

(
y1 −x2y1 − x1y2

0 −y2

)

F2(τ1, τ2) =
√
y1y2gτ1F2g

−1
τ2 =

(
x1 −x1x2 + y1y2

1 −x2

)

E1(τ1, τ2) =
√
y1y2gτ1E1g

−1
τ2 =

(
y1 −x2y1 + x1y2

0 y2

)

E2(τ1, τ2) =
√
y1y2gτ1E2g

−1
τ2 =

(
x1 −x1x2 − y1y2

1 −x2.

)
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If the basepoint (τ1, τ2) is clear we will write E1,E2,F1,F2. As in Section 2.2.3 we identify

TX(τ1,τ2)D
+ = Hom(X(τ1, τ2), X(τ1, τ2)

⊥) ≃ X(τ1, τ2)
∨ ⊗X(τ1, τ2)

⊥

and orient D+ by

(F∨
1 ⊗E1) ∧ (F∨

2 ⊗E1) ∧ (F∨
1 ⊗E2) ∧ (F∨

2 ⊗E2).

Let Ψ: H×H −→ D+ be the isomorphism (4.4.3) and consider the differential

dΨ: T(τ1,τ2)H×H −→ TX(τ1,τ2)D
+.

Let τ1 = x1 + iy1, τ2 = x2 + iy2 be the coordinates on H×H.

Proposition 4.4.3. Under the identification D+ ≃ H×H the orientation of H×H is

4y21y
2
2

∂

∂x1
∧ ∂

∂y1
∧ ∂

∂x2
∧ ∂

∂y2

and the orientation of the diagonal D+
1 ⊂ D+ at X(τ, τ) is given by

−y4
(

∂

∂x1
+

∂

∂x2

)
∧
(

∂

∂y2
+

∂

∂y1

)
.

Proof. • Let ρx1 : (−ϵ, ϵ) −→ ρx1(u) = (τ1 + u, τ2) be the path such that d
duρx1(u)

∣∣
u=0

= ∂
∂x1

.

Note that

F1(τ1 + u, τ2) = F1(τ1, τ2)− u

(
0 y2

0 0

)
= F1(τ1, τ2)−

u

2y1
(F2(τ1, τ2)−E2(τ1, τ2))

and

F2(τ1 + u, τ2) = F2(τ1, τ2) + u

(
1 −x2
0 0

)
= F2(τ1, τ2) +

u

2y1
(F1(τ1, τ2) +E1(τ1, τ2))
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Composing ρx1(u) with Ψ gives

Ψ (ρx1(u)) = span
〈
F1(τ1 + u, τ2),F2(τ1 + u, τ2)

〉
= span

〈
F1 −

u

2y1
F2 +

u

2y1
E2,F2 +

u

2y1
F1 +

u

2y1
E1

〉
= span

〈
2y1F1 − uF2 + uE2, 2y1F2 + uF1 + uE1

〉
.

Since Q(Fi,Fj) = 0 and Q(Fi) = 2 we have

(αF1 + βF2)
∨ =

Q(αF1 + βF2,−)

Q(αF1 + βF2)
=
αF∨

1 + βF∨
2

α2 + β2
.

Hence as an element of X∨
0 ⊗X⊥

0 the plane Ψ (ρx1(u)) is represented by

(2y1F1 − uF2)
∨ ⊗ uE2 + (2y1F2 + uF1)

∨ ⊗ uE1

=
2y1u

4y21 + u2
(
F∨
2 ⊗E1 + F∨

1 ⊗E2

)
+

u2

4y21 + u2
(
F∨
1 ⊗E1 − F∨

2 ⊗E2

)
.

After taking the derivative at 0 we find that

dΨ

(
∂

∂x1

)
=

1

2y1

(
F∨
2 ⊗E1 + F∨

1 ⊗E2

)
.

• Let ρy1 : (−ϵ, ϵ) −→ ρy1(u) = (τ1 + iu, τ2) be the path such that d
duρy1(u)

∣∣
u=0

= ∂
∂y1

. Note

that

F1(τ1 + iu, τ2) = F1(τ1, τ2) + u

(
1 −x2
0 0

)
= F1(τ1, τ2) +

u

2y1
(F1(τ1, τ2) +E1(τ1, τ2))

and

F2(τ1 + iu, τ2) = F2(τ1, τ2) + u

(
0 y2

0 0

)
= F2(τ1, τ2) +

u

2y1
(F2(τ1, τ2)−E2(τ1, τ2)) .
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Hence composing ρy1(u) with Ψ gives

Ψ (ρy1(u)) = span
〈
F1(τ1 + iu, τ2),F2(τ1 + iu, τ2)

〉
= span

〈(
1 +

u

2y1

)
F1 +

u

2y1
E1,

(
1 +

u

2y1

)
F2 −

u

2y1
E2

〉
= span

〈
(2y1 + u)F1 + uE1, (2y1 + u)F2 − uE2

〉
As an element of X∨

0 ⊗X⊥
0 this plane is represented by

u

2y1 + u
F∨
1 ⊗E1 −

u

2y1 + u
F∨
2 ⊗E2.

After taking the derivative at 0 we find that

dΨ

(
∂

∂y1

)
=

1

2y1

(
F∨
1 ⊗E1 − F∨

2 ⊗E2

)
.

• Let ρx2 : (−ϵ, ϵ) −→ ρx2(u) = (τ1, τ2 + u) be the path such that d
duρx2(u)

∣∣
u=0

= ∂
∂x2

. Note

that

F1(τ1, τ2 + u) = F1(τ1, τ2)− u

(
0 y1

0 0

)
= F1(τ1, τ2)−

u

2y2
(F2(τ1, τ2)−E2(τ1, τ2))

and

F2(τ1, τ2 + u) = F2(τ1, τ2)− u

(
0 x1

0 1

)
= F2(τ1, τ2)−

u

2y2
(E1(τ1, τ2)− F1(τ1, τ2)) .

Composing ρx2(u) with Ψ gives

Ψ (ρx2(u)) = span
〈
F1(τ1, τ2 + u),F2(τ1, τ2 + u)

〉
= span

〈
2y2F1 − uF2 + uE2, 2y1F2 + uF1 − uE1

〉
.

Hence as an element of X∨
0 ⊗X⊥

0 the plane Ψ (ρx2(u)) is represented by

(2y2F1 − uF2)
∨ ⊗ uE2 − (2y2F2 + uF1)

∨ ⊗ uE1

=
2y2u

4y22 + u2
(
F∨
1 ⊗E2 − F∨

2 ⊗E1

)
+

u2

4y22 + u2
(
F∨
1 ⊗E1 + F∨

2 ⊗E2

)
.
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After taking the derivative at 0 we find that

dΨ

(
∂

∂x2

)
=

1

2y2

(
F∨
1 ⊗E2 − F∨

2 ⊗E1

)
.

• Let ρy2 : (−ϵ, ϵ) −→ ρy1(u) = (τ1, τ2 + iu) be the path such that d
duρy2(u)

∣∣
u=0

= ∂
∂y2

. Note

that

F1(τ1, τ2 + iu) = F1(τ1, τ2)− u

(
0 x1

0 1

)
= F1(τ1, τ2)−

u

2y2
(E1(τ1, τ2)− F1(τ1, τ2))

and

F2(τ1, τ2 + iu) = F2(τ1, τ2) + u

(
0 y1

0 0

)
= F2(τ1, τ2) +

u

2y2
(F2(τ1, τ2)−E2(τ1, τ2)) .

Hence composing ρy2(u) with Ψ gives

Ψ (ρy2(u)) = span
〈
F1(τ1, τ2 + iu),F2(τ1, τ2 + iu)

〉
= span

〈
(2y2 + u)F1 − uE1, (2y2 + u)F2 − uE2

〉
As an element of X∨

0 ⊗X⊥
0 this plane is represented by

− u

2y2 + u
F∨
1 ⊗E1 −

u

2y2 + u
F∨
2 ⊗E2.

After taking the derivative at 0 we find that

dΨ

(
∂

∂y2

)
= − 1

2y2

(
F∨
1 ⊗E1 + F∨

2 ⊗E2

)
.

Putting all together we find that

dΨ

(
∂

∂y1
∧ ∂

∂y2

)
=

1

2y1y2
(F∨

1 ⊗E1) ∧ (F∨
2 ⊗E2)

dΨ

(
∂

∂x1
∧ ∂

∂x2

)
=

1

2y1y2
(F∨

2 ⊗E1) ∧ (F∨
1 ⊗E2)



112 Chapter 4. Diagonal restriction of Eisenstein series

dΨ

(
∂

∂x1
∧ ∂

∂y1
∧ ∂

∂x2
∧ ∂

∂y2

)
=

1

4(y1y2)2
(F∨

1 ⊗E1) ∧ (F∨
2 ⊗E1) ∧ (F∨

1 ⊗E2) ∧ (F∨
2 ⊗E2).

Let us now orient D+
1 at some point X(τ, τ) ∈ D+

1 . Note that 1 = y−1E1 where E1 = E1(τ, τ).

As in Subsection 2.2.3 the orientation of the normal bundle is given by

o(NX(τ,τ)D+
1 ) = (F∨

1 ⊗ 1) ∧ (F∨
2 ⊗ 1) = y−2(F∨

1 ⊗E1) ∧ (F∨
2 ⊗E1)

and hence

o(TX(τ,τ)D+
1 ) = y2(F∨

1 ⊗E2) ∧ (F∨
2 ⊗E2).

The result follows from

−dψ
(
y1

∂

∂y2
+ y2

∂

∂y1

)
= F∨

2 ⊗E2

dψ

(
y1

∂

∂x1
+ y2

∂

∂x2

)
= F∨

1 ⊗E2.

4.4.5 A choice of basis for F

Now suppose that p is an odd split prime in F . Then dF is a quadratic residue modulo p and we

can find r ∈ Z such that

r2 ≡ dF (mod p),

r2 − dF > 0.

Since the discriminant dF is always congruent to 0 or 1 modulo 4, it is always a square mod 4 and

we can suppose furthermore that

r2 ≡ dF (mod 4p).

We fix such a root r and set

ϵr :=

√
dF − r

2
∈ O.

We take the positive Z-basis {ϵr, 1} of O. Let N0 := 2N(ϵr) > 0, so that 2N0 = r2 − dF . By

changing the root we obtain another basis {ϵ−r, 1}.
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Remark 4.4.2. In the previous sections of this chapter, various objects we used implicitely de-

pended on the choice of the Z-basis of O, for example the matrix g∞ ∈ GLN (R), the embedding

h : F×
v ↪−→ H(Qv) or the cycle C ⊗ ψ. From now we will use the two Z-bases {ϵ±r, 1} of O and

decorate the symbols by r, for example we will write g∞,r, hr or Cr ⊗ ψ.

The regular representation with respect to the basis {ϵr, 1} is given by

γr : (F ⊗Qv)
× ↪−→ GL2(Qv)

aϵr + b 7−→

(
b− ar a

−aN0
2 b

)
. (4.4.4)

At all the other split places q we can find rq,r ∈ Z such that

r2q,r ≡ dF (mod q),

r2q,r − dF > 0,
rq,r
r

> 0. (4.4.5)

Let rq,−r = −rq,r. As above, for q odd we can suppose furthermore that

r2q,r ≡ dF (mod 4q).

We define

ϵq,r :=

√
dF − rq,r

2
,

and since rq,r ≡ dF (mod 2) we have O = Z[ϵq,r]. Modulo q the minimal polynomial of ϵq,r splits

as x(x+ rq,r). We have the splitting (q) = qqσ, where

q :=

(√
dF − rq,r

2

)
Z+ qZ

qσ :=

(√
dF + rq,r

2

)
Z+ qZ; (4.4.6)

see (2.1.3). At every split prime q we have two square roots of dF in Z×
q . Let βq,r ∈ Z×

q be the one

that satisfies

βq,r ≡ rq,r (mod qZq).
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Let ςv,r be as in (4.1.4). If v is non-split then ςv,r = 1 is the identity on FQv , if v = q is split then

ςq,r : FQq −→ Fq = Qq ×Qq√
dF 7−→ (βq,r,−βq,r).

It maps q ⊗ Zq to (qZq,Z×
q ) and qσ ⊗ Zq to (Z×

q , qZq). Then, we precompose the map (4.4.4) by

the isomorphism ς−1
v,r : Fv 7−→ FQv , which is the identity at the non split places. This yields an

embedding

γr : F
×
v ↪−→ GL2(Qv)

that we also denote by γr.

Proposition 4.4.4. At split primes q the embedding γr : F
×
q ↪−→ GL2(Qq) is defined by

γr(tq, t
σ
q ) =


tq+tσq

2 − r
tq−tσq
2βq,r

tq−tσq
βq,r

− (tq−tσq )N0

2βq,r

tq+tσq
2 + r

tq−tσq
2βq,r

 .

Proof. By definition ςq,r maps aϵr + b to (aϵr + b, aϵσr + b), where ϵr =
βq,r−r

2 , ϵσr = −βq,r+r
2 are in

Qq. The inverse of (tq, tqσ) is given by aϵr + b ∈ FQq with

a =
tq − tσq
βq,r

, b =
tq + tσq

2
+ r

tq − tσq
2βq,r

and the result follows by applying the map (4.4.4).

For the basis {ϵr, 1} we denote by hr : F
×
v ↪−→ H(Qv) the embedding defined in Subsection 4.3.1.

Define the map

h̃r : F
×
v ↪−→ H̃(Qv)

t 7−→ h̃r(t) =

(
γr(t),

(
1 0

0 det(γr(t))

))
,

which is a lift of the map hr i.e.

ν
(
h̃r(t)

)
= hr(t).
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At infinity this can be diagonalized as(
γr(t∞),

(
1 0

0 det(γr(t∞))

))
(4.4.7)

= (g∞,r, 1)
−1

(
g(t∞),

(
1 0

0 det(g(t∞))

))
(g∞,r, 1),

where

g∞,r =

(
ϵr 1

ϵσr 1

)
∈ GL2(R).

4.4.6 Geodesics on the modular curve and Hecke operators

Suppose we have an embedding

Φ: R>0 −→ H

t 7−→ Φx(t) + iΦy(t). (4.4.8)

whose image is the geodesic joining two points α, β ∈ R ∪ {∞}. We orient the image Φ(R>0) by

dΦ

(
∂

∂t

)
=
∂Φx
∂t

∂

∂x
+
∂Φy
∂t

∂

∂y
.

We say that the geodesic is oriented from α to β if

sgn
∂Φx
∂t

= sgn(β − α) (4.4.9)

and write Q(α, β) for the image. Note that the condition (4.4.9) is equivalent to Φ(0) = α and

Φ(∞) = β. If α is an RM-point we write Q(α) = Q(α, ασ). Let Q(α, β) be the image of Q(α, β) in

Y0(p). If α is an RM-point, then Q(α) is a closed (compact) geodesic. Let −Q(α) := (ασ, α).

We define Hecke operators on geodesics as follows. Let Q = Q(α) for some RM-point α and

Γ[Q] := {γ ∈ Γ| γQ = Q}

be its stabilizer. It is isomorphic to {±1} × γZQ, for some γQ ∈ Γ. In particular, if PΓ denotes the

image of Γ in PSL2(Z) then PΓ[Q] = γZQ. Let Rn ⊂ ∆0(p)
(n) be a finite set of representatives of

Γ\∆0(p)
(n)/Γ such that

∆0(p)
(n) =

⊔
δ∈Rn

ΓδΓ.
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Let Rn(Q) ⊂ Rn ⊂ ∆0(p)
(n) be a finite set of representatives of Γ[Q]\∆0(p)

(n)/Γ such that

∆0(p)
(n) =

⊔
δ∈Rn

ΓδΓ =
⊔

δ∈Rn(Q)

Γ[Q]δΓ. (4.4.10)

We define the Hecke operator by

TnQ :=
∑

δ∈Rn(Q)

δ−1Q.

Remark 4.4.3. Consider the set

∆∗
0(p) :=

{(
a b

c d

)
∈ Mat2(Z)

∣∣∣∣∣ p | c, (a, p) = 1, ad− bc > 0

}
.

We have a bijection

∆0(p)
(n) −→ ∆∗

0(p)
(n)

x −→ nx−1.

If R∗
n(Q) is the image of Rn(Q) then ∆∗

0(p)
(n) =

⊔
δ∈R∗

n(Q) ΓδΓ[Q] and

TnQ =
∑

δ∈R∗
n(Q)

δQ.

4.4.7 The twisted class C ⊗ ψ in H×H

Define the point

αr := g−1
∞,r(0) = − 1

ϵr
=
r +

√
dF

N0
,

α−r := g−1
∞,−r(0) =

−r +
√
dF

N0
= −ασr .

By strong approximation, for every fractional ideal a we can find an element ga,r ∈ GL2(Q)+ such

that

γr(ta) ∈ g−1
a,rK0(p),

where we suppose that gO,r = 1. We define the RM-points

αa,r := ga,rαr, αa,−r := ga,−rα−r.
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In particular αO,r = αr.

Remark 4.4.4. Suppose we replace ga,r by another g̃a,r ∈ GL2(Q)+ that satisfies

γr(ta) ∈ g̃−1
a,rK0(p),

and let α̃a,r = g̃a,rαr. Then

g̃a,rg
−1
a,r ∈ GL2(Q)+ ∩K0(p) = Γ

and hence α̃a,r ∈ Γαa,r.

We suppose that h+ = 2h, since h+ = h is equivalent to the existence of a unit of negative

norm, which implies that the Hecke character is not totally odd, see (2.1.8) and (2.1.5). Hence we

have Cl(F )+ = Cl(F ) ⊔ cCl(F ) where c = (
√
dF ).

Lemma 4.4.5. The orbit Γαa,r only depends on the narrow class [a] ∈ Cl(F )+. Moreover we have:

1. Γαca,r = Γ(−αa,r),

2. Γαaσ ,r = Γ(−ασa,r),

3. Γαa,−r = Γ(−ασa,r).

In particular Q(αa,r) only depends on the narrow class of a, and we have

Q(αa,−r) = Q(αaσ ,r), Q(αca,−r) = Q(αcaσ ,r).

Proof. First note that if λ ∈ F×, then

γr(λ)αr = αr,

since

γr(λ) = g−1
∞,r

(
λ 0

0 λσ

)
g∞,r.

Now suppose that we replace a by b = (λ)a and λ totally positive. Then we have

γr(tb) ∈ γr(λ)g
−1
a,rK0(p)

hence by the previous remark we have for gb,r = ga,rγr(λ)
−1

αb,r ∈ Γga,rγr(λ)
−1αr = Γαa,r.
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1. If b = ca where c = (
√
dF ). We have

γr(tc) = γr(
√
dF ) ∈ GL2(Q)−

and fixes αr. Then ga,rγr(
√
dF )

−1 ∈ GL2(Q)− and we have

ga,rγr(
√
dF )

−1γr(tca)
−1 = ga,rγr(ta)

−1 ∈ K0(p).

Finally we multiply by δ =

(
1 0

0 −1

)
∈ GL2(Q) ∩K0(p) so that δga,rγr(

√
dF )

−1 has positive

determinant. By Remark 4.4.4 we have for gca,r = δga,rγr(
√
dF )

−1

Γαca,r = Γδαa,r = Γ(−αa,r).

2. Replacing a by aσ amounts to precompose the map in Proposition 4.4.4 by the involution

(tq, t
σ
q ) 7→ (tσq , tq) at split primes. A direct computation shows that γr(taσ) = M−1γr(ta)M

where

M =

(
0 2

N0 0

)
∈ GL2(Q)− ∩K0(p).

Again after multiplying by δ we have that δga,rMγr(taσ) ∈ K0(p). We have Mαr = ασr , hence

Γαaσ ,r = Γδga,rMαr = Γ(−ασa,r).

3. Note that βq,−r = −βq,r. Hence we have γ−r(ta) = δγr(ta)δ, and

Γαa,−r = Γga,−rα−r = Γδga,rδα−r = Γδga,rα
σ
r = Γ(−ασa,r)

Suppose that ψ is unramified, so f = O. Let K0(O) = K0
∞ × Ô× where

K0
∞ =

{
(t1, t2) ∈ F×

∞
∣∣ ti = ±1, t1t2 = 1

}
.

We have

MO = F×\A×
F /K

0(O) =
⊔

a∈Cl(F )+

Ô×,+\R2
>0,

where Cl(F )+ is the narrow class group.
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Lemma 4.4.6. We have h̃r(Ô×) ⊂ K̃0(p) and h̃r(K
0
∞) = h̃r((R×)N ) ∩ K̃∞(z0).

Proof. Since N(ϵr) ∈ pZp and 2βq ∈ Z×
q for all split odd primes q, it follows that for the embedding

in Proposition 4.4.4

γr(O
×
q ) ⊂ K0(p)q. (4.4.11)

Suppose that q = 2 is split in F , and let t2, t
σ
2 ∈ Z×

2 . Then t2 ≡ tσ2 ≡ 1 (mod 2Z2), hence∣∣∣∣ t2 + tσ2
2

∣∣∣∣
2

≤ 1,

∣∣∣∣ t2 − tσ2
2

∣∣∣∣
2

≤ 1,

and (4.4.11) also holds at q = 2. Then, since det(γr(tq, t
σ
q )) = tqt

σ
q is in Z×

q for tq, t
σ
q ∈ Z×

q , we have

h̃r(O
×
q ) ⊂ K̃0(p)q.

On the other hand at the non split primes q we have Oq ≃ O ⊗ Zq, and the fact that γr(O×
q ) ⊂

GL2(Zq) follows from the fact that {ϵr, 1} is a Z-basis of O. Finally, since z0 = g−1
∞,rX0 we have

K̃∞(z0) = (g−1
∞,r, 1) SO(2)× SO(2)(g∞,r, 1),

and the second statement follows by (4.4.7).

It follows from the lemma that the embedding h̃r induces a map

h̃r : MO −→M
K̃

whose image in M
K̃

corresponds to the image of hr in MK ≃ M
K̃

≃ Y0(p) × Y0(p). Let Ca,r ∈
Z2(MK , ∂MK ;R) be the image of a connected component of O×,+\R2

>0 by hr, that we considered

in Subsection 4.3.2. Similarly, we define

Cr ⊗ ψ =
∑

[a]∈Cl(F )+

ψ(a)Ca,r ∈ Z2(MK , ∂MK ;R).

Let α1, α2, β1, β2 be real numbers. There is a natural product orientation on Q(α1, β1) ×
Q(α2, β2) ⊂ H × H. If Φ1,Φ2 are diffeomorphisms as in (4.4.8). Then we orient the product

by

d(Φ1 × Φ2)

(
t1
∂

∂t1
∧ t2

∂

∂t2

)
= t1t2

(
∂Φ1,x

∂t1

∂

∂x1
+
∂Φ1,y

∂t1

∂

∂y1

)
∧
(
∂Φ2,x

∂t2

∂

∂x2
+
∂Φ2,y

∂t2

∂

∂y2

)
.
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Proposition 4.4.7. After identifying MK with Y0(p)× Y0(p) we have

Ca,r = Q(αa,r)×Q(∞, 0).

Proof. Let O×,+t∞ be in the connected component of MO corresponding to a. It corresponds to

the point F×(t∞, ta)K
0(O) ∈MO , which is mapped to H̃(Q)(h̃r(t∞), h̃r(ta))K̃. By definition

h̃r(t∞) = (g−1
∞,r, 1)

((
t1 0

0 t2

)
,

(
1 0

0 t1t2

))
(g∞,r, 1),

where g∞,r =

(
ϵr 1

ϵσr 1

)
and the orientation is given by t1

∂
∂t1

∧ t2 ∂
∂t2

. The image in H×H is the set

D+
0 =

{(
g−1
∞,r

t1
t2
i,

1

t1t2
i

)
, t1, t2 > 0

}
=

{(
g−1
∞,ru1i,

1

u2
i

)
, u1, u2 > 0

}

after the change of variable (u1, u2) =
(
t1
t2
, t1t2

)
. It preserves the orientation since

t1
∂

∂t1
∧ t2

∂

∂t2
= 2u1

∂

∂u1
∧ u2

∂

∂u2
.

We can parametrize D+
0 by

R2
>0 −→ H×H

(u1, u2) 7−→ (Φ1(u1),Φ2(u2))

where

Φ1(u1) = g−1
∞,ru1i = − ϵr + u21ϵ

σ
r

ϵ2r + u21(ϵ
σ
r )

2
+ i

u1(ϵr − ϵσr )

ϵ2r + u21(ϵ
σ
r )

2

Φ2(u2) =
1

u2
i.

Since Φ1(0) = − 1
ϵr

= αr and Φ1(∞) = − 1
ϵσr

= ασr < Φ1(0) we find that

D+
0 = Q(αr)×Q(∞, 0), (4.4.12)

at least without the orientations. The orientation at (Φ1(u1),Φ2(u2)) ∈ Q(αr) × Q(∞, 0) is given
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by

2

(
u1
∂Φ1,x

∂u1

∂

∂x1
+ u1

∂Φ1,y

∂u1

∂

∂y1

)
∧ u2

∂Φ2,y

∂u2

∂

∂y2

where

∂Φ1,x

∂u1
= −

√
dF

2u1N(ϵr)(
ϵ2r + u21(ϵ

σ
r )

2
)2 < 0

∂Φ1,y

∂u1
=
√
dF

ϵ2r − u21(ϵ
σ
r )

2(
ϵ2r + u21(ϵ

σ
r )

2
)2

∂Φ2,y

∂u2
= − 1

u22
< 0.

Hence the orientation on both sides of (4.4.12) match.

We write h̃r(ta) = h̃−1
a,r k̃f ∈ H̃(Q)+K̃f , with

h̃a,r =

(
ga,r,

(
1 0

0 det(ga,r)

))
.

Since ga,rQ(αr) = Q(αa,r) it follows that

D+
a = Q(αa,r)×Q(∞, 0),

and that Ca,r is the image in Y0(p)
2 of Q(αa,r)×Q(∞, 0).

We set

Q(ψ) :=
∑

[a]∈Cl(F )+

ψ(a)
(
Q(αa,r) +Q(αa,−r)

)
so that

Q(ψ)×Q(∞, 0) = Cr ⊗ ψ + C−r ⊗ ψ.

Remark 4.4.5. By using the involution [a] 7→ [aσ] = [a]−1 and the fact that αaσ ,r and αa,−r are in

the same Γ-orbit we find that Q(ψ) = Q(ψ−1).

4.4.8 Intersection numbers of geodesics

LetQ(α1, β1) andQ(α2, β2) be two geodesics with pairwise distinct endpoints. We fix the orientation

y2 ∂
∂x ∧ ∂

∂y on H and define the intersection of Q(α1, β1) and Q(α2, β2) as in Subsection 2.1.1. In
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particular, the intersection with the winding element Q(0,∞) is

〈
Q(0,∞),Q(α, β)

〉
=


1 if β < 0 < α

−1 if α < 0 < β

0 else,

see Figure 4.1 below. Since the geodesics are 1 dimensional we have

〈
Q(α1, β1),Q(α2, β2)

〉
= −

〈
Q(α2, β2),Q(α1, β1)

〉
=
〈
Q(β2, α2),Q(α1, β1)

〉
.

If Q = Q(α) for some RM-point α we can define the intersection on Y0(p) by

Figure 4.1: Intersection of geodesics

〈
Q(0,∞),Q

〉
:=

∑
γ∈Γ/Γ[Q]

〈
Q(0,∞), γQ

〉
. (4.4.13)

Let τ ∈ Q be any point on Q and [τ, γQτ) the half-open geodesic segment, where γQ is a generator

of Γ[Q] = {±1} × γZQ. Then

Q =
⊔
i∈Z

[γiQτ, γ
i+1
Q τ) (4.4.14)

and we also have

〈
Q(0,∞),Q

〉
=
∑
γ∈PΓ

〈
Q(0,∞), [γτ, γγQτ)

〉
. (4.4.15)

The intersection on the right hand side is only-non zero for finitely many γ’s.
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Lemma 4.4.8. Let α and β be real numbers and y ∈ Mat2(Z) with det(y) > 0. Then

〈
D+
y ,Q(α, β)×Q(∞, 0)

〉
=
〈
Q(0,∞),y−1Q(α, β)

〉
.

Proof. First since D+
y = yD+

1 we have

〈
D+
y ,Q(α, β)×Q(∞, 0)

〉
=
〈
D+
1 ,y

−1Q(α, β)×Q(∞, 0)
〉

=
〈
D+
1 ,Q(y−1α,y−1β)×Q(∞, 0)

〉
where D+

1 is the diagonal embedding of H in H×H. We set α′ = y−1α and β′ = y−1β. We have a

bijection

Q(α′, β′) ∩Q(∞, 0) −→ (Q(α′, β′)×Q(∞, 0)) ∩ D+
1

τ 7−→ (τ, τ),

and these intersections contain at most one point.

We only have to check that the signs of the orientations matches when the intersection is non-

empty. Let τ ∈ Q(0,∞) ∩Q(α′, β′), and suppose that α′ < 0 < β′. Then

〈
Q(0,∞),Q(α′, β′)

〉
= −1. (4.4.16)

At the point τ the orientation on Q(α′, β′) is given by a ∂
∂x1

+ b ∂
∂y1

with a > 0, and on Q(∞, 0) by

− ∂
∂y2

. Hence the orientation on Q(α′, β′)×Q(∞, 0) is given by −
(
a ∂
∂x1

+ b ∂
∂y1

)
∧ ∂
∂y2

. By Propo-

sition 4.4.3 the orientation of D+
1 is given (up to a positive scalar) by −

(
∂
∂x1

+ ∂
∂x2

)
∧
(

∂
∂y1

+ ∂
∂y2

)
.

Since

o(TX(τ,τ)D+
1 ) ∧ o(TX(τ,τ)Q(α, β)×Q(∞, 0))

=

(
∂

∂x1
+

∂

∂x2

)
∧
(

∂

∂y1
+

∂

∂y2

)
∧
(
a
∂

∂x1
+ b

∂

∂y1

)
∧ ∂

∂y2

= a
∂

∂x2
∧ ∂

∂y1
∧ ∂

∂x1
∧ ∂

∂y2

= −a ∂

∂x1
∧ ∂

∂y1
∧ ∂

∂x2
∧ ∂

∂y2

and a > 0 we see that

〈
D+
1 ,Q(α′, β′)×Q(∞, 0)

〉
= −1. (4.4.17)

When α′ < 0 < β′ then a < 0 and (4.4.16),(4.4.17) are both 1.
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Proposition 4.4.9. For φf = 1
∆̂0(p)

we have∫
Q(αa,r)×Q(∞,0)

Θn(v, φf ) = 2
〈
Q(0,∞), TnQ(αa,r)

〉
.

Proof. By definition, for φf = 1
∆̂0(p)

we have

Θn(v, φf ) =
∑

x∈Mat2(Q)
Q(x,x)=2n

φf (x)φ
0(
√
vx) =

∑
x∈∆0(p)(n)

φ0(
√
vx).

We write Q = Q(αa,r). Let τ ∈ Q be any point on Q and [τ, γQτ) the half-open geodesic segment.

The group Γ[Q]×
(
Γ/Γ[δ−1Q]

)
acts transitively on Γ[Q]δΓ , where Γ[δ−1Q] = δ−1Γ[Q]δ. Using the

decomposition (4.4.10) we write

Θn(v, φf ) =
∑

x∈∆0(p)(n)

φ0(
√
vx)

=
∑

δ∈Rn(Q)

∑
γ1∈Γ[Q]

∑
γ2∈Γ/Γ[δ−1Q]

φ0(
√
vγ1δγ

−1
2 ).

We get ∫
Q×Q(∞,0)

Θn(v, φf ) =
∑

δ∈Rn(Q)

∑
γ1∈Γ[Q]

∑
γ2∈Γ/Γ[δ−1Q]

∫
[τ,γQτ)×Q(∞,0)

φ0(
√
vγ1δγ

−1
2 ).

By the invariance of φ0 we have φ0(
√
vγ1δγ

−1
2 ) = (γ−1

1 , 1)∗φ0(
√
vδγ−1

2 ). Thus using (4.4.14) we get

∑
γ1∈Γ[Q]

∫
[τ,γQτ)×Q(∞,0)

φ0(
√
vγ1δγ

−1
2 ) =

∑
γ1∈Γ[Q]

∫
[τ,γQτ)×Q(∞,0)

(γ−1
1 , 1)∗φ0(

√
vδγ−1

2 )

=
∑

γ1∈Γ[Q]

∫
[γ−1

1 τ,γ−1
1 γQτ)×Q(∞,0)

φ0(
√
vδγ−1

2 )

= 2

∫
Q×Q(∞,0)

φ0(
√
vδγ−1

2 ),

and the factor 2 comes from the subgroup {±1} of Γ[Q]. Since D+
a = Q(αa,r)×Q(∞, 0) it follows

from (4.3.17) in the proof of Proposition 4.3.10 that∫
Q×Q(∞,0)

φ0(
√
vδγ−1

2 ) =
〈
D+

δγ−1
2

,Q×Q(∞, 0)
〉
,
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and by Lemma 4.4.8 we have

〈
D+

δγ−1
2

,Q×Q(∞, 0)
〉
=
〈
Q(0,∞), γ2δ

−1Q
〉
.

Thus ∫
Q×Q(∞,0)

Θn(v, φf ) = 2
∑

δ∈Rn(Q)

∑
γ2∈Γ/Γ[δ−1Q]

〈
Q(0,∞), γ2δ

−1Q
〉

= 2
∑

δ∈Rn(Q)

〈
Q(0,∞), δ−1Q

〉
= 2
〈
Q(0,∞), TnQ

〉
where we use (4.4.13) in the second equality.

4.4.9 Explicit representatives by Heegner RM-points

We showed that Ca,r = Q(αa,r)×Q(∞, 0). In this section we explain how to compute representatives

αa,r more explicitely. We follow [Pop06, Section. 6] and choose representatives of the narrow class

group Cl(F )+

SF := {a1, . . . , ah} ∪ {ca1, . . . , cah}

such that a1 := O and for 2 ≤ i ≤ h the ai are prime ideals in O, dividing split primes qi := ai∩Z that

are coprime to pN0. Note that q1 = 1. For 2 ≤ i ≤ h let rqi,r as in (4.4.5). Since gcd(qi, N0) = 1 we

can also assume in our choice of roots that rqi,r ≡ r (mod N0). In order to have a uniform notation

we set rq1,r = r. For every i we have ai = qi or a = qσi , where qi was defined in (4.4.6).

Lemma 4.4.10. For ai ∈ SF we can take

αai,r =

√
dF − rqi,r
qiN0

if ai = qi,

αai,r =

√
dF + rqi,−r
qiN0

if ai = qσi .

Proof. First suppose that ai = qi. The element tqi ∈ F×
qi is given by

(tqi)v = (1, 1) if v ̸= qi,

(tqi)qi = (qi, 1) if v = qi
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hence by Lemma 4.4.4

γr(tqi)v = 1 if v ̸= qi,

γr(tqi)qi =

 qi+1
2 − r qi−1

2βqi,r
qi−1
βqi,r

− (qi−1)N0

2βqi,r
qi+1
2 + r qi−1

2βqi,r

 .

Since γr(tpi)v = 1 for v ̸= qi we only have to show that gqiγr(tqi)qi ∈ K0(p)qi = GL2(Zqi). Note that
γr(tqi) ∈ Mat2(Zqi) and det(γr(tqi)) = qi. Moreover, since βqi,r ≡ rqi,r ̸≡ 0 (mod qiZqi) we have

γr(tqi)qi ≡
1

2βqi,r

rqi,r + r −2

N0 rqi,r − r

 (mod qiZqi).

We multiply by
(

1 − r+ri
N0

0 1

)
on the left to make the first line of γr(tqi)qi divisible by qi, which we

divide by qi after multiplication by
(
q−1
i 0
0 1

)
. Hence for

gqi,r :=

 1
qi

− rqi,r+r

qiN0

0 1


we have gqi,rγr(tqi)qi ∈ SL2(Zqi) and

gqi,rαr =

√
dF − ri
qiN0

.

The case ai = qσi is completely analogous, the only difference is that the element tqσi ∈ F×
qi is given

by

(tqσi )v = (1, 1) if v ̸= qi,

(tqσi )qi = (1, qi) if v = qi.

Note that these points are roots of the integral quadratic form

qiN0

2
x2 + rqi,rx+

r2qi,r − dF

2qiN0
,

which has discriminant dF and of leading coefficient divisible by qi, i.e. they are Heegner RM-points

in the sense of [DPV21].
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Remark 4.4.6. More precisely we have

Q(ψ) = (1− ψ(c))

h∑
i=1

ψ(ai)
(
Q(αai,r) +Q(αai,−r)

)
.

By the oddness of the character we have (1− ψ(c)) = 2, otherwise Q(ψ) would be trivial.

4.4.10 Two lattices

Let d̂−1 :=
∏′

w
d−1
w , where d−1

w is the inverse different ideal. Let also d−1
v =

∏
w|v d

−1
w . Define the

following lattices in A2
F

L(r) :=

{(
x

x′

)
∈ Ô2

∣∣∣∣∣ x ∈ d̂−1, wp(x
′) ≥ 1, wpσ(x

′) = 0

}
,

L(−r) :=

{(
x

x′

)
∈ Ô2

∣∣∣∣∣ x ∈ d̂−1, wp(x
′) = 0, wpσ(x

′) ≥ 1

}
.

Recall the isomorphism

F 2
Q −→ Mat2(Q)

x =

(
x

x′

)
7−→ [x′, SAx], (4.4.18)

defined in (4.4.1), where we identify FQ ≃ Q2 via the Z-basis (ϵr, 1) of O. After passing to the

adèles and composing with the isomorphism FA ≃ AF we have an isomorphism A2
F ≃ Mat2(A).

Lemma 4.4.11. Under the isomorphism A2
F ≃ Mat2(A) we have

L(r) ≃ ∆̂0(p).

If we replace (ϵr, 1) with (ϵ−r, 1) then

L(−r) ≃ ∆̂0(p).

Proof. We have

Fv ⊕ Fv =

Q2
v ⊕Q2

v if v split

F ⊗Qv ⊕ F ⊗Qv otherwise,

where we write the vectors as line vectors instead of column vectors. We decompose L(r) =
∏
v L

(r)
v
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and d̂−1 =
∏
v d

−1
v where

L(r)
v =


Op ⊕ (pZp,Z×

p ) if v = p

Ov ⊕ Ov if v ∤ pdF
d−1
v ⊕ Ov if v | dF .

If v | dF , then (p) = p2v and d−1
v = p−1

v , since d−1 = 1√
dF

O. Similarly

L(−r)
v =


Op ⊕ (Z×

p , pZp) if v = p

Ov ⊕ Ov if v ∤ pdF
d−1
v ⊕ Ov if v | dF .

Let Ar be the matrix A = tg∞g∞ relative to the basis (ϵr, 1), which is given by

Ar =

(
r2+dF

2 r

r 2

)
.

We identity F ≃ Q2 by aϵr + b 7→

(
a

b

)
. We look place by place.

• Suppose that v = p. We have Ar ∈ GL2(Zp), hence the isomorphism (4.4.18) identifies

F 2
Qp ≃ Mat2(Qp)(

ϵrZp + Zp
ϵrZ×

p + pZp

)
≃

(
Z×
p Zp

pZp Zp

)
= ∆0(p)p

On the other hand the isomorphism ςp,r : FQp −→ Fp identifies ϵrZ×
p + pZp with (pZp,Z×

p ),

since we chose r such that ϵr ∈ pZp and ϵ−r ∈ Z×
p . Hence we have

F 2
Qp ≃ F 2

p(
ϵrZp + Zp
ϵrZ×

p + pZp

)
≃ Op ⊕ (pZp,Z×

p ) = L(r)
p .

At this place if we replace ϵr by ϵ−r we identify ϵ−rZ×
p + pZp with (Z×

p , pZp), hence ∆0(p)v ≃
L
(−r)
v .
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• Suppose that v ∤ pdF . We have Ar ∈ GL2(Zv), hence the isomorphism (4.4.18) identifies

F 2
Qv ≃ Mat2(Qv)(

ϵrZv + Zv
ϵrZv + Zv

)
≃ Mat2(Zv) = ∆0(p)v

On the other hand we have

F 2
Qv ≃ F 2

v(
ϵrZv + Zv
ϵrZv + Zv

)
= O2 ⊗ Zv ≃ Ov ⊕ Ov = L(r)

v .

• Finally suppose that v | dF is ramified. At this place the isomorphism (4.4.18) is

F 2
v −→ Mat2(Qv)(

cϵr + d

aϵr + b

)
7−→

(
a −2d− cr

b ds+ c tr(ϵ2r)

)
, (4.4.19)

and similarly for ϵ−r. By definition cϵr + d ∈ d−1
v if and only if 2d + cr and dr + c tr(ϵ2r) are

both in Zv. Hence the isomorphism (4.4.19) identifies

F 2
v ≃ Mat2(Qv)

L(r)
v = d−1

v ⊕ Ov ≃ Mat2(Zv) = ∆0(p)v.

4.4.11 p-smoothing of Eisenstein series

For a squarefree ideal I we define the Schwartz functions φI ∈ S (A2
F ) by φ

I
∞ = φ∞ as before and

φIw

(
x

x′

)
:=

1d−1
w
(x)
(
1Ow(x

′)− 1mw(x
′)
)

if w(I) > 0

1d−1
w
(x)1Ow(x

′) if w(I) = 0.

Let ϕI := FφI be its partial Fourier transform.

Lemma 4.4.12. We have

ϕIw

(
x

x′

)
= vol(d−1

w )

{
1Ow(x)

(
1Ow(x

′)− 1mw(x
′)
)

if w(I) > 0

1Ow(x)1Ow(x
′) if w(I) = 0.
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Proof. Since φI

(
x

x′

)
= φ1(x)φ2(x

′) is a product of two Schwartz functions φ1 and φ2 ∈ S (AF ),

we have ϕI

(
x

x′

)
= φ∨

1 (x)φ2(x
′), where φ∨

1 (x) is the Fourier transform of φ1. Hence it will follow

from the computation

1∨
mmw d−1

w
= q−mw vol(d−1

w )1m−m
w Ow

. (4.4.20)

First note that if χ : K −→ U(1) is a character on a compact group K then

∫
K
χ(y)dµ(y) =

µ(K) if χ = 1

0 if χ ̸= 1.

We have

1∨
mmw d−1

w
(x) =

∫
mmw d−1

w

χx(y)dµ(y),

where χx(y) = χ(xy). The character χx is trivial on mm
w d

−1
w if and only if x ∈ m−m

w Ow and this

proves (4.4.20).

The Eisenstein series

E(τ1, τ2, ψ) = E(τ1, τ2,1Ô2 , ψ)

is a Hilbert modular form of parallel weight 1 for SL2(O). Its diagonal restriction E1(τ, τ, ψ, 0)

vanishes, since it is a weight 2 modular form for SL2(Z). For an arbitrary ideal I we define the

Eisenstein series

EI(τ1, τ2, ψ) := E(τ1, τ2, ϕ
I
f , ψ),

which is of level

Γ0(I) =

{(
a b

c d

)
∈ SL2(O)

∣∣∣∣∣ c ∈ I

}
.

When I = (p) we call it the p-stabilization of E1(τ1, τ2, ψ).

Let φI1 and φI2 be the restriction of φIf to the isotropic lines l1 and l2. Since for w(I) > 0 we
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have

φw

(
x

0

)
= 1d−1

w
(x) (1Ow(0)− 1mw(0)) = 0,

the function φI1 vanishes.

Corollary 4.4.12.1. We have

E(p) (τ, τ, ψ) =


L(p)(ψ, 0)− 4

∞∑
n=1

〈
Q(0,∞), TnQ(ψ)

〉
e2iπnτ if p is split,

0 if p is inert.

Proof. We can rewrite the Schwartz functions as

φ
(p)
f =

1
d̂−1⊕Ô

− 1d̂−1⊕p̂ − 1d̂−1⊕p̂σ + 1
d̂−1⊕pÔ if p = ppσ

1
d̂−1⊕Ô

− 1
d̂−1⊕pÔ if p is inert,

ϕ
(p)
f = d

1
2
F

1
Ô2 − 1

Ô⊕p̂
− 1

Ô⊕p̂σ
+ 1

Ô⊕pÔ if p = ppσ

1
Ô2 − 1

Ô⊕pÔ if p is inert.

First note that we have

ωl

(
1 0

0 p

)
1

Ô2 = p
1
21

Ô⊕pÔ .

By applying the transformation in Proposition 4.1.2 we find that

E(τ1, τ2,1Ô⊕pÔ , ψ) = p2E
(
pτ1, pτ2,1Ô2 , ψ

)
.

Hence if p is inert, we have

E
(p)
1 (τ, τ, ψ) = d

1
2
F

(
E(τ, τ, ψ)− p2E (pτ, pτ, ψ)

)
= 0,

since E(τ, τ) is zero.

Suppose that p is split. We have 1L(r) = 1d̂−1⊕p̂ − 1
d̂−1⊕pÔ and 1L(−r) = 1d̂−1⊕p̂σ − 1

d̂−1⊕pÔ ,
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hence

φ
(p)
f + 1L(r) + 1L(−r) = 1

d̂−1⊕Ô
− 1

d̂−1⊕pÔ ,

ϕ
(p)
f + F1L(r) + F1L(−r) = d

1
2
F

(
1

Ô2 − 1
Ô⊕pÔ

)
.

This implies

E(p)(τ1, τ2, ψ) = −E(τ1, τ2,F1L(r) , ψ)− E(τ1, τ2,F1L(−r) , ψ),

which also means that for the respective constant terms we have

c0(φ
(p)) = −c0(1L(r))− c0(1L(−r)).

By Theorem 4.3.12 and the correspondence L(r) ≃ ∆̂0(p) in Lemma 4.4.11 we have

E(τ, τ,F1L(r) , ψ) = c0(1L(r)) + 2

∞∑
n=1

(∫
Cr⊗ψ

Θn(v,1∆̂0(p)
)

)
e2iπnτ

and similarly for −r. Putting the two together we get

E(p)(τ, τ, ψ) = c0(φ
(p))− 2

∞∑
n=1

(∫
Cr⊗ψ+C−r⊗ψ

Θn(v,1∆̂0(p)
)

)
e2iπnτ .

Since Cr ⊗ ψ + C−r ⊗ ψ = Q(ψ)×Q(∞, 0) it follows from Proposition 4.4.9 that

E(p)(τ, τ, ψ) = c0(φ
(p))− 4

∞∑
n=1

〈
Q(0,∞), TnQ(ψ)

〉
e2iπnτ .

It remains to compute c0(φ
(p)) = ζf (φ

(p)
1 , ψ−1, 0) + ζf (φ

(p)
2 , ψ, 0). The Schwartz function φ

(p)
f van-

ishes on l1 hence the first singular term of c0(φ
(p)) is zero and we have

c0(φ
(p)) = ζf (φ

(p)
2 , ψ, 0),

where

φ
(p)
2,w(x

′) =

1O×
w
(x′) ifw(p) > 0

1Ow(x
′) ifw(p) = 0.
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By the computation in (4.1.6) this shows that

ζw(φ
(p)
2 , ψ, s) =

1 ifw(p) > 0,

Lw(ψ, s) ifw(p) = 0.

hence ζf (φ
(p)
2 , ψ, 0) = L(p)(ψ, 0).

Remark 4.4.7. Our formula in Corollary 4.4.12.1 differs by a factor of 2 from [DPV21, theorem. A]:

the factor 4 that we obtain in front of the positive Fourier coefficients is a factor 2 in loc. cit. We

already mentionned that this is due to the absence of the factor κ in loc.cit. but let us make this

more precise. The difference comes from the different definitions of intersection numbers of geodesic.

Let Q be the (compact) image of the geodesic Q in Y0(p). The subgroup of Γ stabilizing Q is

Γ[Q] = {±1}×γQZ

for some γQ ∈ Γ. For some τ ∈ Q let [τ, γQτ) be the (half-open) geodesic segment in H between τ

and γQτ . In our case - see (4.4.15) - the definition of intersection number between Q(0,∞) and Q
that we use is

〈
Q(0,∞),Q

〉
=
∑
γ∈PΓ

〈
[γτ, γγQτ),Q

〉
, (4.4.21)

where PΓ is the image of Γ in PSL2(Z). On the other hand, in [DPV21] the intersection numbers

are defined by

〈
Q(0,∞),Q

〉
=
∑
γ∈Γ

〈
Q(0,∞), [γτ, γγQτ)

〉
which is twice the number in (4.4.21).
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Chapter 5
Denominators of Eisenstein classes

In [BCG20; BCG21] Bergeron-Charollois-Garcia use the Mathai-Quillen form to construct Eisen-

stein classes on the locally symmetric space associated to SLN (K) for some imaginary quadratic

field K. We relate this class to Harder’s Eisenstein cohomology, which allows us to give an up-

per bound for its denominator in terms of the special value of an L-function; see Theorem 5.3.5

(Theorem C in the introduction).
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5.1 Eisenstein series, L-functions and Sczech’s cocycle

Let K = Q(
√
D) be a quadratic imaginary field with no non-trivial units, let dK be the fundamental

discriminant of K. Let O = Z + ωZ be its ring of integers, which we view as a lattice in C after
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fixing some embedding K ⊂ C. More generally consider a lattice L = Zω1 + Zω2 of K where ω1

and ω2 are complex numbers with ω1/ω2 ∈ H and define

D(L) := I(ω1ω2)

where I(z) := z − z̄. We define the order of L

O(L) := {λ ∈ C|λL = L} .

It is an order of O, and the lattice L is homothetic to an ideal in O(L). In particular, if L = a is

an ideal then O(a) = O.

Consider the the elliptic curve

EL : y
2 = x3 − g2(L)x− g3(L)

where

g2(L) := 60
∑′

ω∈L

1

ω4
, g3(L) := 140

∑′

ω∈L

1

ω6
.

We have the Weierstrass isomorphism

C/L −→ EL(C) (5.1.1)

z 7−→ (℘(z), ℘(z′)),

where the Weierstrass ℘-function is defined for z ∈ C− L

℘(z) :=
1

z2
+
∑′

ω∈L

(
1

(z − ω)2
− 1

ω2

)
.

Conversely, suppose we start with the elliptic curve

E : y2 = 4x3 − g2x− g3, g2, g3 ∈ Q

that has complex multiplication by O. The elliptic curve is defined over the field

KE := Q(g2, g3),

and let OE be the ring of integers of KE . For α ∈ OE we can make the change of variable u = α2

and v = α3y so that E : u2 = v3 − g̃2v − g̃3 where g̃2 = α4g2 and g̃3 = α6g3. Hence, without loss of

generality we can also take g2 and g3 in OE .
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The inverse of the isomorphism (5.1.1) is given by

E(C) 7−→ C/LE

Q 7−→
∫ Q

P

dx

2y
mod LE

for some point P ∈ E(C) and

LE :=

{∫
γ

dx

2y

∣∣∣∣ γ ∈ H1(E(C);Z)
}
.

Moreover, we have gk = gk(LE) for k = 2 and k = 3. Since E has complex multiplication by O, we

have O(LE) = O and the lattice LE is homothetic to some ideal a ⊂ O. Let Ω ∈ C be such that

LE = Ωa.

If K has class number 1 then we can take a = O and we get the following.

Proposition 5.1.1. Suppose that K has class number 1. There is a complex period Ω such that

g2(L) and g3(L) are in OE for L = ΩO.

Kronecker-Eisenstein series Consider the character

θ(z) := exp

(
2iπ

I(z)

D(L)

)
.

For a non-negative integer k and λ ∈ C we define the Kronecker-Eisenstein series

G(s, k, p, q, L) :=
∑′

ω∈L
θ(wp̄)

q + ωk

|q + ω|2s+k
,

which converges for Re(s) > 1 and the ′ means that we remove q = −ω from the summation if q ∈ L.

This is the series considered by Weil in [Wei76, section VIII]. The function admits a meromorphic

continuation to the whole plane with only possible poles at s = 0 (if k = 0 and q ∈ L) and at s = 1
2

(if k = 0 and p ∈ L); see [Wei76, section VIII, p. 80]. Moreover it satisfies the functional equation

E(s, k, p, q, L) = θ(pq̄)E(1− s, k, p, q, L) (5.1.2)
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where

E(s, k, p, q, L) :=
(

2iπ

D(L)

)−s
Γ

(
s+

k

2

)
G(s, k, p, q, L).

We define for k > 0

Gk(z, L) := G

(
k

2
, k, 0, z, L

)
=
∑′

ω∈L

1

(z + ω)k|z + k|λ

∣∣∣∣∣
λ=0

and

G(z, L) :=
2iπ

D(L)
G(0, 2, 0, z).

For z = 0 we set

G(L) := G(0, L), Gk(L) := Gk(0, L).

We have

Gk(αz, αL) = α−kGk(z, L) (5.1.3)

G(αz, αL) =
ᾱ

α
G(z, L).

Sczech cocycle For a and c in O and c nonzero we define the Dedekind sum

D(a, c, L) :=
1

c

∑
r∈L/cL

G1

(ar
c
, L
)
G1

(r
c
, L
)
.

In [Scz84], Sczech shows that the map ΦL : SL2(O) −→ C defined by

ΦL

(
a b

c d

)
=

I
(
a+d
c

)
G2(L)−D(a, c, L) if c ̸= 0,

I
(
b
d

)
G2(L) if c = 0

is a cocycle.

Hecke characters and L-functions Let ψ : I(f) −→ C× be an algebraic Hecke character of

infinity type zaz̄b. Recall that this is a character

ψ : I(f) −→ Fψ ⊂ C×
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with values in a finite extension Fψ of K such that at principal ideals in Pf(K)+ we have

ψ((α)) = α−aᾱ−b.

To such a character we can attach an L-function

L(ψ, s) :=
∑

0̸=a⊆O

ψ(a)

N(a)s
,

which converges for Re(s) > 1, admits a meromorphic continuation to the whole plane and a

functional equation. We define the algebraic L-function

Lalg(ψ, s) := Ωb−a
(

2π√
dK

)−b
Γ(a)L(ψ, s),

where dK is the fundamental discriminant and Ω is as in Proposition 5.1.1 such that g2(L), g3(L)

are integral with L = ΩO. Note that when K has class number 1 and ψ is of infinity type zk we

have

L(ψ, s) =
1

|O×|
∑

α∈O−{0}

α−k

(αᾱ)s

and at s = 0

L(ψ, 0) =
1

|O×|
Gk(O).

The normalization is chosen such that we have the following.

Proposition 5.1.2. We have Lalg(ψ, 0) ∈ Q. When K has class number 1 and ψ is of infinity type

z2 then |O×|
√
dKL

alg(ψ, 0) is an algebraic integer.

Proof. Let us prove the second statement, when the class number is 1 and the character is of infinity

type z2. In that case L(ψ, 0) = 1
|O×|G2(O). For L = ΩO, by (5.1.3) we have

G2(L) = |O×|Ω−2G2(O) = |O×|Ω−2L(ψ, 0) = |O×|Lalg(ψ, 0),

and in Proposition 5.3.2 we will show that
√
dKG2(L) is integral.
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5.2 Eisenstein cohomology

Let H3 be the hyperbolic 3-space

H3 := {u = z + jv | z ∈ C, v ∈ R>0}

where ij = −ji and i2 = j2 = −1. For u = z + jv let u = z − jv and |u| = uu = |z|2 + v2. The

group SL2(C) acts transitively on H3 by

u 7−→ (au+ b)(cu+ d)−1 =
(au+ b)(cu+ d)

|cz + d|2 + v2
,

and the stabilizer of j is SU(2). Hence the symmetric space SL2(C)/SU(2) is isomorphic to H3.

For a fractional ideal b of K let

Γ(b) :=

{(
a b

c d

)
∈ SL2(K)

∣∣∣∣∣ a, d ∈ O, b ∈ b−1, c ∈ b

}

be the subgroup of SL2(K) preserving O ⊕ b. From now on we set Γ := Γ(O) = SL2(O) and

YΓ := Γ\H3.

This space is a non-compact 3-dimensional orbifold and can be compactified in several ways, one of

them is the Borel-Serre compactification.

5.2.1 Borel-Serre compactification

We describe the Borel-Serre compactification of YΓ; see [BJ06] or[JM02] for more on compactifica-

tions of locally symmetric spaces. Define the space

H∗
3 := H3 ∪

⊔
r∈P1(K)

Hr

where Hr = P1(C) − {r} ≃ C is a horocycle at the cusp r. If r = (m : n) then we can view this

space as adding a copy of C at the cusp m
n . The topology on H∗

3 is defined as follows: let H∞ be

the horocycle at ∞ corresponding to r = (1 : 0). A sequence un = zn + jvn converges to z0 ∈ H∞

if limn→∞ vn = ∞ and limn→∞ zn = z0. If γ maps ∞ to r then un converges to z0 ∈ Hr if γ−1un

converges to γ−1z0 ∈ H∞. The action of Γ extends to H∗
3 by sending z ∈ Hr to γz ∈ Hγr, where
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SL2(C) acts on P1(C) by (
a b

c d

)
(x : y) = (ax+ by : cx+ dy).

We define XΓ := Γ\H∗
3. Let

CΓ := Γ\P1(K)

be the set of equivalence class of cusps of YΓ. We can represent cusps by fractional ideals in K since

we have a bijection [Fre90, Lemma. 3.5]

CΓ −→ Cl(K)

Γ(m : n) 7−→ a := mO + nO

where Cl(K) is the class group. We have a bijection

Γ\
⊔

r∈P1(K)

Hr −→
⊔
a∈CΓ

Γa\Ha

(x : y) 7−→ γ(x : y)

where (x : y) ∈ Hr, the element γ maps (1 : 0) to some a ∈ CΓ and Γa is the stabilizer of a in Γ. For

every a ∈ I(K) let Aa ∈ SL2(K) be such that Aaa = ∞ i.e. such that

(ma : na) = A−1
a (1 : 0)

where a := maO + naO. We can find x, y ∈ a−1 such that may − nax = 1 and take

A−1
a =

(
ma x

na y

)
∈

(
a a−1

a a−1

)
.

It follows that

AaΓA
−1
a = Γ(a2).

Let

Γ(b)∞ :=

{(
±1 z

0 ±1

)
∈ SL2(O)

∣∣∣∣∣ z ∈ b−1

}
,
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the stabilizer of the cusp ∞ in Γ(b). Then

AaΓaA
−1
a =

(
AaΓA

−1
a

)
∞ = Γ(a2)∞.

We have bijections

Γ(b)∞\H∞ −→ C/b

(m : n) 7−→ m

n

and

Γa\Ha −→Γ(a2)∞\H∞

λ 7−→ Aaλ.

Hence, by composing the two previous maps we get a map

ϕa : Γa\Ha −→ C/a2

and

XΓ = YΓ ∪
⊔

[a]∈Cl(K)

C/a2.

The boundary of the Borel-Serre compactification is

∂XΓ =
⊔

[a]∈Cl(K)

C/a2.

5.2.2 Equivariant homology and cohomology

Since YΓ is not a manifold but rather an orbifold we need to work with equivariant (co)homology.

Cohomology Following [Ste89, Section. 2] we define a k-form ω on H∗
3 to be a k-form ω0 on H3

and a family k-forms ω(r) on Hr such that limz→r ω0 = ω(r). We denote by Ωk(H∗
3) the space of

such forms. Let

Ωk(H∗
3;C) := Ωk(H∗

3)⊗R C

be the differential forms valued in C. Let Ωk(H∗
3;C)Γ be the complex of Γ-invariant forms, consisting

of forms that satisfy γ∗ω0 = ω0 and γ∗ω(r) = ω(γ−1r). Let Hk(XΓ;C) = Hk(Ω(H∗
3;C)Γ) be the
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cohomology of this complex. Similarly we have

Hk(Γa\Ha;C) = Hk(Ω•(Ha;C)Γa)

and

Hk(∂XΓ;C) =
⊕

[a]∈Cl(K)

Hk(Γa\Ha;C).

A class [ω] ∈ Hk(XΓ;C) is represented by a closed Γ-invariant form ω0 on H3 and a family of Γa-

invariant forms (ω(a))[a]∈Cl(K) on Ha. The pullback by the inclusion ∂XΓ ↪−→ XΓ gives a restriction

map

res : Hk(XΓ;C) −→ Hk(∂XΓ;C)

[ω] 7−→ ([ω(a)])[a]∈Cl(K).

Since the compactification XΓ is homotopy equivalent to YΓ, we have Hk(XΓ;C) ≃ Hk(YΓ;C) and
we get a map

res : Hk(YΓ;C) −→ Hk(∂XΓ;C).

Relative cohomology Let Ωk(H∗
3, ∂H∗

3;C)Γ := Ωk(H∗
3;C)Γ⊕Ωk−1(∂H∗

3;C)Γ be the complex with

the coboundary operator

δ : Ωk(H∗
3, ∂H∗

3;C)Γ −→ Ωk+1(H∗
3, ∂H∗

3;C)Γ

(ω, θ) 7−→ (dω, ι∗ω − dθ).

Let Hk(XΓ, ∂XΓ;C) the cohomology associated to this complex, the cohomology of XΓ relative to

∂XΓ. We have an exact sequence

0 −→ Ωk−1(∂H∗
3;C)Γ

α
↪−−−−→ Ωk(H∗

3, ∂H∗
3;C)Γ

β−−−−→ Ωk(H∗
3;C)Γ −→ 0

where the first map is given by α(θ) = (0, θ) and the second by β(ω, θ) = ω. This induces a long

exact sequence in cohomology

Hk−1(∂XΓ;C) Hk(XΓ, ∂XΓ;C) Hk(XΓ;C)

Hk(∂XΓ;C) Hk+1(XΓ, ∂XΓ;C) Hk+1(XΓ;C)

α∗ β∗

res

α∗ β∗
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and the boundary map res is the restriction to the boundary.

Homology For an abelian group A let Cn(H3;A) be the Z-module of singular n-chains valued in

A. The action of Γ on H3 endows Cn(H3;A) with a Γ-module structure and we define the complex

of coinvariant chains

Cn(H3;A)Γ := Cn(H3;A)/
〈
σ − γσ

〉
where we quotient by the submodule generated by all σ − γσ with σ ∈ Cn(H3;A). Let Hn(YΓ;A)

be the homology of this complex. Similalry we define Hn(XΓ;A).

Let u0 ∈ H3 be some basepoint and [u0, γu0] be a path segment joining u0 and γu0 for γ ∈ Γ.

The boundary of [u0, γu0] is γu0 − u0 hence it represents a class in H1(YΓ;C).

Proposition 5.2.1. The map Γ −→ H1(YΓ;Z) sending γ to [u0, γu0] is a surjective morphism and

independant of u0.

Proof. If YΓ were a manifold (for example if Γ were some congruence subgroup of SL2(O)) we

could work with singular homology. Then the map would be the Hurewicz homomorphism, which

is surjective since YΓ is path connected; see [Hat01, Theorem. 2A.1]. In the case of equivariant

homology it works almost in the same way and we follow the proof of [Hat01].

We write [a, a′] ∼ [b, b′] for two homologous paths joining points a, a′, b and b′ in H3. We have

the following relations:

1. [a, a] ∼ 0,

2. [a, b] + [b, c] ∼ [a, c]

3. [a, b] ∼ −[b, a]

4. [a, γa] ∼ [b, γb],

5. [a, b] ∼ [γa, γb].

The first two ones are clear since [a, a] is the boundary of the constant 2-simplex C = {a} and

[a, b]− [a, c] + [b, c] is the boundary of the simplex joining a, b and c. The third one follows from 1.

and 2. For 4. consider the two simplices C1 and C2 as in Figure 5.1. The boundaries are given by

∂C1 = [γa, γb]− [a, γb] + [a, γa]

∂C2 = [b, γb]− [a, γb] + [a, b]
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so that

∂(C1 − C2) = [a, γa]− [b; γb] + [γa, γb]− [a, b] = [a, γa]− [b, γb]

where [γa, γb]− [a, b] = 0 since we are in the complex of coinvariants. For 5. consider the simplices

v0 = a

C1

C2

v1 = γa

v1 = b

v1 = γb

Figure 5.1: [a, γa] ∼ [b, γb]

C1 and C2 as in Figure 5.2. The boundaries are given by

∂C1 = [b, γa]− [γb, γa] + [γb, b]

∂C2 = [b, γa]− [a, γa] + [a, b]

so that

∂(C1 − C2) = [γa, γb]− [b, γb] + [a, γa]− [a, b] = [γa, γb]− [a, b]

Let us now prove the statement of the proposition. The fact that it is independant of the basepoint

follows from 4., and the fact that it is a homorphism follows from 2. and 4. since

[u0, γ1u0] + [u0, γ2u0] ∼ [γ2u0, γ1γ2u0] + [u0, γ2u0] ∼ [u0, γ1γ2u0].

For surjectivity suppose we have a class represented by a cycle

σ =
m∑
i=1

ni[ai, bi] ∈ C1(H3)Γ.

After relabeling the paths we can suppose that ni = ±1 and using 3. we can suppose that ni = 1.
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v0 = a

C1

C2

v1 = b

v2 = γa

v0 = γb

Figure 5.2: [a, b] ∼ [γa, γb]

Since the boundary is

∂σ =
∑
i

(bi − ai) = 0

we necessarily have that every bj is equal to γijai for a unique ai and some γij ∈ Γ. We can see it

as a permutation on the set {1, . . . ,m}, where we send i to j if ai is Γ-equivalent to bj .

First suppose that the corresponding permutation is the identity i.e bi = γiai for every i . Then

using 4. and the fact that the map is a morphism we get

σ =
m∑
i=1

[ai, γiai] ∼
m∑
i=1

[u0, γiu0] ∼ [u0, γ1 · · · γmu0].

Now suppose that the permutation contains some cycle of order n, which means that σ contains

a cycle

σ′ = [a1, γnan] + [a2, γ1a1] + [a3, γ2a2] + · · ·+ [an, γn−1an−1].

Using 5. and 2. we can sum the first two terms

[a1, γnan] + [a2, γ1a1] ∼ [γ1a1, γ1γnan] + [a2, γ1a1] ∼ [a2, γ1γnan].

By induction we then get σ′ ∼ [an, γn−1γn−2 · · · γ1γnan], so that we are reduced to the first case.
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Integral cohomology Let R ⊂ C be an O-subalgebra. We have a pairing

〈
,
〉
: H1(YΓ;C)⊗H1(YΓ;C) −→ C

([σ], [ω]) 7−→
∫
σ
ω

where ω ∈ Ω1(H3;C)Γ and σ ∈ C1(H3)Γ; see [Fel05, Satz. 3]. Note that R ⊗R C = C, so that we

have a map

H1(YΓ;R) −→ H1(YΓ;R)⊗R C = H1(YΓ;C).

Let H̃1(YΓ;R) be the image of this map. The kernel is the torsion part of H1(YΓ;R), so that we can

we identify H̃1(YΓ;R) with the free part of H1(YΓ;R). We use the pairing to define the cohomology

groups

H̃1(YΓ;R) :=
{
ω ∈ H1(YΓ;C)

∣∣∣ 〈ω, σ〉 ∈ R for all σ ∈ H̃1(YΓ;R)
}
.

Since R is torsion-free we can identify H1(YΓ;R) with H1(YΓ;Z)⊗ZR. By Proposition 5.2.1 a class

[ω] is in H̃1(YΓ;R) if
〈
ω, [u0, γu0]

〉
∈ R for all R.

Remark 5.2.1. This R-module is the torsion free part of the sheaf cohomology H1(YΓ;R), that

we identify with the image

Im
(
H1(YΓ;R) −→ H1(YΓ;C)

)
.

5.2.3 Eisenstein map

In 5.2.2 we defined a restriction map

res : H1(YΓ;C) −→ H1(∂XΓ;C).

The kernel is the interior cohomology H1
! (YΓ;C) and can be identified with the image of the com-

pactly supported cohomology inside H1(YΓ;C). The complex conjugation sending z + jv to z̄ + jv

induces a complex conjugation on H1(Ha/Γa;C) ≃ H1(C/a2;C), which is the same as the one

induced from complex conjugation on C/a2. Let H1(C/a2;C)± be the ±1-eigenspace, which is

spanned by dz ± dz̄. Let

H1(∂XΓ;C)± :=
⊕

[a]∈Cl(K)

H1(C/a2;C)±.
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Proposition 5.2.2. We have

dim Im(res) =
1

2
dimCH

1(∂XΓ;C) = |Cl(K)|.

More precisely, Im(res) is equal to the −1-eigenspace H1(∂XΓ;C)−.

Proof. The result follows from a theorem of Serre, see [Ber09, Proposition. 24] for a proof. However

let us prove the statement about the dimension. Let

α∗ : H1(∂XΓ;C) −→ H2(XΓ, ∂XΓ;C)

be the map from the long exact sequence. By Poincaré duality we have

H1(∂XΓ;C)∨ ≃ H1(∂XΓ;C)

and

H2(XΓ, ∂XΓ;C) ≃ H2
c (YΓ;C) ≃ H1(YΓ;C)∨

so that we can see α∗ as a map

α∗ : H1(∂XΓ;C)∨ −→ H1(YΓ;C)∨

Since for θ ∈ Ω1(∂XΓ) and ω ∈ H1(XΓ, ∂XΓ)∫
XΓ

α(θ) ∧ ω =

∫
∂XΓ

θ ∧ res(ω)

we have that α∗ = res∨ is adjoint to res. It follows from

Im(res) = ker(α∗) = ker(res∨) = Im(res)⊥,

that Im(res) is an isotropic subspace, and thus it must be of half the dimension of the total space.

For an unramified algebraic Hecke character ψ of infinity type z2 we will define the Eisenstein map

Eisψ : Im(res) −→ H1(YΓ;C)

whose image is the Eisenstein cohomology H1
Eis(YΓ;C). For an ideal a we first define a map

Eisa : H
1(C/a2;C) −→ H1(YΓ;C),
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as follows. We have maps

pb,∞ : Γ(b)∞\H3 −→ C/b,

z + jv 7−→ z

and

Γa\H3 −→ Γ(a2)∞\H3,

u 7−→ Aau.

Composing the two maps we get

pa : Γa\H3 −→ C/a2.

Now let ω ∈ Ω1(C/a2;C) and pull it back by pa to a form p∗aω ∈ Ω1(H3;C)Γa . In order to get a

cohomology class on YΓ we could take the sum∑
γ∈Γa\Γ

γ∗p∗aω ∈ Ω1(H3;C)Γ, (5.2.1)

where we sum over a set of representatives of the quotient Γa\Γ. However this series does not

converge but can be regularized by adding a factor ts for a complex parameter in s.

5.2.4 Regularization of the Eisenstein series

We will regularize the series (5.2.1). Since pa(u) = pa2,∞(Aau) we can rewrite (5.2.1) as∑
γ∈Γ(a2)∞\AaΓ

γ∗ω (5.2.2)

where here we simply write ω instead of p∗a2,∞ω. We have a bijection

Γ(a2)∞\AaΓ −→ Γ(ma : na)

γ 7−→ γ−1(1 : 0).

Moreover, the orbit Γ(ma : na) is in bijection with the set

{(m,n) ∈ a× a| gcd(m,n) = a} /O×
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where O× = {±1} acts diagonally on a× a. Hence we get the bijection

Γ(a2)∞\AaΓ −→ {(m,n) ∈ a× a| gcd(m,n) = a} /O×

γ =

(
a b

m n

)
7−→ (m,n).

For u = z + jv ∈ H3 let z(u) = z, z̄(u) = z̄ and v(u) = v be the coordinate functions. Let γ ∈ AaΓ

and

η(m,n) := γ∗(dz)

η(m,n) := γ∗(dz)

where γ =

(
a b

m n

)
. The following calculations will indeed show that η and η depend only on m

and n. We have

z(γu) =
(az + b)(mz + n) + amv2

|mz + n|2 + |mv|2
,

z(γu) =
(az + b)(mz + n) + amv2

|mz + n|2 + |mv|2
.

We view dz as the differential of the coordinate map z(u), hence

η(m,n) = η(m,n)zdz + η(m,n)z̄dz̄ + η(m,n)vdv

η(m,n) = η(m,n)zdz + η(m,n)z̄dz̄ + η(m,n)vdv

where

η(m,n)z =
∂z(γu)

∂z
=

(mz + n)2

(|mz + n|2 + |mv|2)2
,

η(m,n)z̄ =
∂z(γu)

∂z̄
=

−(mv)2

(|mz + n|2 + |mv|2)2
,

η(m,n)v =
∂z(γu)

∂v
= 2

(mz + n)mv

(|mz + n|2 + |mv|2)2
,
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and

η(m,n)z =
∂z̄(γu)

∂z
=

− (mv)2

(|mz + n|2 + |mv|2)2
,

η(m,n)z̄ =
∂z̄(γu)

∂z̄
=

(mz + n)2

(|mz + n|2 + |mv|2)2
,

η(m,n)v =
∂z̄(γu)

∂v
= 2

(mz + n)mv

(|mz + n|2 + |mv|2)2
.

It follows that when ω = dz we can rewrite (5.2.2)

∑
γ∈Γ(a2)∞\AaΓ

γ∗(dz) =
1

2

∑
(m,n)∈a×a
gcd(m,n)=a

η(m,n),

where the 2 comes from the assumption that |O×| = 2. Similarly when ω = dz we have

∑
γ∈Γ(a2)∞\AaΓ

γ∗(dz) =
1

2

∑
(m,n)∈a×a
gcd(m,n)=a

η(m,n).

Again this does not converge, hence for s ∈ C we define

η(m,n, s)z := vs
(mz + n)2

(|mz + n|2 + |mv|2)2+s
,

η(m,n, s)z̄ := vs
−(mv)2

(|mz + n|2 + |mv|2)2+s
,

η(m,n, s)v := 2vs
(mz + n)mv

(|mz + n|2 + |mv|2)2+s
.

We define η(m,n, s)z, η(m,n, s)z̄ and η(m,n, s)v similarly. For an ideal a we define

Eisa(dz, s) :=
N(a)s

2

∑
(m,n)∈a×a
gcd(m,n)=a

η(m,n, s)

Eisa(dz, s) :=
N(a)s

2

∑
(m,n)∈a×a
gcd(m,n)=a

η(m,n, s). (5.2.3)

Note that since η(αm,αn, s) = α−2N(α)−2sη(m,n, s) we have

Eisαa(dz, s) = α−2N(α)−s Eisa(dz, s). (5.2.4)
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Let {a1, . . . , ah} be a set of representatives for Cl(K). For an unramified Hecke character ψ of

infinity type z2 we define

Eisψ(dz, s) :=

h∑
i=1

ψ(ai)
−1 Eisai(dz, s)

Eisψ(dz, s) :=
h∑
i=1

ψ(ai)
−1 Eisai(dz, s).

On the other hand, Bergeron-Charollois-Garcia [BCG21] considered the forms

Ea(s) := N(a)s
∑

(m,n)∈a×a

η(m,n, s),

Ea(s) := N(a)s
∑

(m,n)∈a×a

η(m,n, s).

Note that here we sum over a× a instead of the subset with gcd = a as is (5.2.3). After weighting

with the character we also define the forms

Eψ(s) :=

h∑
i=1

ψ(ai)
−1Eai(s),

Eψ(s) :=

h∑
i=1

ψ(ai)
−1Eai(s).

Also note that Eisψ(dz, s) and Eψ(s) depend on the choice of representatives of the class group, but

will see that their value at s = 0 do not. We have

Ea(s) = Ea,z(s)dz + Ea,z̄(s)dz̄ + Ea,v(s)dv

where

Ea,z(s) := N(a)s
∑

(m,n)∈a×a

η(m,n, s)z,

and similarly for Ea,z̄(s) and Ea,v(s).

Proposition 5.2.3. The series

Ea(s), Eisa(dz, s), Ea(s),Eisa(dz, s)

converge for Re(s) ≫ 0 and admit an analytic continuation to the whole plane. We denote the
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various values at s = 0 by

Ea, Ea, Eψ, Eψ,Eisa(dz),Eisa(dz),Eisψ(dz),Eisψ(dz).

Moreover, the forms are closed at s = 0.

Proof. The analytic continuation can be done by Poisson summation, see for example [BCG21,

page. 18]. The fact that the forms Ea(s) and Ea(s) are closed is the content of [BCG21, Proposi-

tion. 3.3].

The cohomology H1(C/a2;C) is generated by dz and dz̄. Hence we extend Eisa by linearity to

a map

Eisa : H
1(C/a2;C) −→ H1(YΓ,C)

ω = αdz + βdz 7−→ Eisa(ω) := αEisa(dz) + β Eisa(dz).

Since H1(∂XΓ;C) =
⊕

[a]∈Cl(K)H
1(C/a2;C) we then have a map

Eisψ : H
1(∂XΓ;C) −→ H1(YΓ;C)

(ω(a))[a]∈Cl(K) 7−→
∑

[a]∈Cl(K)

ψ(a)−1 Eisa(ω
(a)),

where ψ is as above. In particular we can restrict it to a map

Eisψ : Im(res) −→ H1(YΓ;C).

Since ψ((α)) = α−2 and by (5.2.4) the inner sum in 5.2.4 only depends on the ideal class and Eisψ

does not depend on the choice of representatives.

Lemma 5.2.4. We have Eψ = 2L(ψ, 0)Eisψ(dz) and Eψ = 2L(ψ, 0)Eisψ(dz̄).

Proof. Since

2Eisa(dz, s) = N(a)s
∑

(m,n)∈a×a
gcd(m,n)=a

η(m,n, s)
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we have

Ea(s) = N(a)s
∑

(m,n)∈a×a

η(m,n, s)

= N(a)s
∑

0̸=b⊆O

∑
(m,n)∈a×a
gcd(m,n)=ab

η(m,n, s)

= 2
∑

0 ̸=b⊆O

N(b)−s Eisba(dz, s).

Thus

Eψ(s) =

h∑
i=1

ψ(ai)
−1Eai(s)

= 2
∑

0̸=b⊆O

N(b)−s
h∑
i=1

ψ(ai)
−1 Eisbai(s).

After replacing the representatives {ã1, . . . , ãh} = {ba1, . . . , bah} and we have

Eψ(s) = 2
∑

0̸=b⊆O

ψ(b)N(b)−s
h∑
i=1

ψ(ãi)
−1 Eisãi(dz, s)

= 2L(ψ, s) Eisψ(dz, s).

5.2.5 Relation to the Sczech cocycle

The forms Ea and Ea ∈ Ω1(YΓ;C) define cocycles in H1(Γ;C)

Ea(γ) :=

∫ γu0

u0

Ea, Ea(γ) :=

∫ γu0

u0

Ea.

Since the forms are closed the integrals do not depend on the path from u0 to γu0. By summing

over the different cusps we get cocycles

Eψ :=
∑

[a]∈Cl(K)

ψ(a)−1Ea, Eψ :=
∑

[a]∈Cl(K)

ψ(a)−1Ea.
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Theorem 5.2.5. We have

Eψ =
∑

[a]∈Cl(K)

ψ(a)−1Φa, Eψ = −
∑

[a]∈Cl(K)

ψ(a)−1Φa.

Proof. It is enough to show that Ea(γ) = Φa(γ). Let E∗
a be the extension of Ea to H∗

3, defined by

setting E
(r)
a := limz→r Ea. When r = ∞ then E

(∞)
a is the constant term at the cusp ∞. For Ea,z(s)

it is given by

E
(∞)
a,z (s) = N(a)s

∑
n∈a

η(0, n, s)

= vsN(a)s
∑
n∈a

n̄2

|n|2s+4

= vsN(a)sG(s+ 1, 2, 0, 0, a).

Similarly (see the formulas in [Ito87, p.154]) we have

E
(∞)
a,z̄ (s) = −vs 2iπ

(s+ 1)D(a)
G(s, 2, 0, 0, a) + ...

and

E
(∞)
a,z (s) = −vs 2iπ

(s+ 1)D(a)
G(s, 2, 0, 0, a)

E
(∞)
a,z̄ (s) = vsG(s+ 1, 2, 0, 0, a).

Hence, at s = 0, the constant term is given by

E
(∞)
a = G2(a)dz −G(a)dz̄,

E
(∞)
a = −G(a)dz +G2(a)dz̄ = −E(∞)

a .

Moreover, by the functional equation (5.1.2) we have

G2(a) = G(a).

Let γ =

(
a b

c d

)
∈ Γ.

1. Suppose that c ̸= 0. Let P (γ) be the closed path in H∗
3 pictured in Figure 5.3. Since the
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Figure 5.3: The path P (γ) when c ̸= 0

path is closed we have ∫
P (γ)

E∗
a = 0.

Note that E is an arc in the horocycle Hγ−1∞ and C is a segment in H∞. Let D̃ := γD,

Ẽ := γE, F̃ := γF and P̃ (γ) be the path in Figure 5.4. Since Ea is Γ-invariant we have∫
P̃ (γ)

E∗
a =

∫
P (γ)

E∗
a = 0.

Moreover, since the integrals along B and F̃ cancel we get∫ γu0

u0

Ea = −
∫
C+Ẽ

E
(∞)
a −

∫
D̃
Ea.

We will compute these two integrals separately.

(a) We begin with integral along C + Ẽ. Let z(t) = a
c − ta+dc with t ∈ [0, 1] be the straight

line joining the endpoints of Ẽ + C, where γ∞ = a
c and γ−1∞ = −d

c . Since E
(∞)
a is
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Figure 5.4: The path P̃ (γ) is Γ-equivalent to the path P (γ) in Figure 5.3

closed the integral along Ẽ + C is the same as along the line z(t). Then∫
C+Ẽ

E
(∞)
a = G2(a)

∫ 1

0
(dz(t)− dz̄(t))

= −G2(a)I

(
a+ d

c

)
and ∫

C+Ẽ
E

(∞)
a = G2(a)I

(
a+ d

c

)
.

(b) Let us now compute the integral along D̃. The path D̃ is parametrized by u(t) = a
c + jt

with 0 < t <∞. Hence we have∫
D̃
Ea(s) =

∫
D̃
Ea,v(s)

= 2
∑

(m,n)∈a×a

∫ ∞

0

(
ma

c + n
)
mt1+s(

|ma
c + n|2 + |m|2t2

)2+sdt
= 2

∑
(m,n)∈a×a

(
ma

c + n
)
m

|ma
c + n|2(2+s)

∫ ∞

0

t1+s(
1 + |m|2

|ma
c
+n|2 t

2
)2+sdt.
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By substituting α = |m|
|ma

c
+n| t this becomes

2
∑

(m,n)∈a×a

(
ma

c + n
)

|ma
c + n|2+s

m

|m|2+s

∫ ∞

0

α1+s

(1 + α2)2+s
dα

= B
(
1 +

s

2
, 1 +

s

2

) ∑
(m,n)∈a×a

(
ma

c + n
)

|ma
c + n|2+s

m

|m|2+s
,

where

B (x, y) =

∫ ∞

0

ty−1

(1 + t)x+y
dt =

Γ (x) Γ (y)

Γ(x+ y)

is the Beta function. By writing m = cm̃+ r and summing over m̃ and r we rewrite the

previous sum as

B
(
1 +

s

2
, 1 +

s

2

) ∑
r∈a/ca

∑
(m̃,n)∈a×a

(
r ac + am̃+ n

)
|r ac + am̃+ n|2+s

cm̃+ r

|cm̃+ r|2+s
.

By summing over (m̃, am̃+ n) instead of (m̃, n) we rewrite the sums

B
(
1 +

s

2
, 1 +

s

2

) ∑
r∈a/ca

1

c|c|s
G1

(
1 + s

2
, 1,

ar

c
, 0,

)
G1

(
1 + s

2
, 1,

r

c
, 0,

)
.

Hence at s = 0 we get ∫
D̃
Ea = D(a, c, a),

and by a similar computation also∫
D̃
Ea = D(a, c, a) = −D(a, c, a).

2. Suppose that c = 0. Let P (γ) the closed path pictured in Figure 5.5. The integrals along the

paths B and D in Figure 5.5 cancel, and we have∫ γu0

u0

Ea = −
∫
C
E

(∞)
a .

Since K has no non-trivial units we have a, d = ±1 and a/d = 1. If u0 = z0 + jv0 then

γu0 = z0 +
b
d + jv0. Hence the path C is parametrized by z(t) = z0 +

b
d(1 − t) for t ∈ [0, 1].



5.3. Denominators of the Eisenstein cohomology 159

At the boundary the form is

E
(∞)
a = G2(a) (dz − dz̄)

and thus ∫
C
E

(∞)
a = −G2(a)I

(
b

d

)
.

Similarly we get ∫
C
E

(∞)
a = G2(a)I

(
b

d

)
.

Figure 5.5: The path P (γ) for c = 0

5.3 Denominators of the Eisenstein cohomology

Let Kψ be an extension of K containing the image of ΦL, the value L(ψ, 0) and the field Fψ. Let

Oψ be the ring of integers of Kψ. We fix an embedding σ : K ↪−→ C, so that we view Oψ as an
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O-subalgebra of C. One would like to know if the Eisenstein map preserves the rational and integral

structures. Harder showed that it preserves the rational structure, so that we have a map

Eisψ : Im(res) ∩H1(∂XΓ;Kψ) −→ H1(YΓ;Kψ).

However, in general the map Eisψ is not integral, in the sense that the image of

Eisψ : Im(res) ∩ H̃1(∂XΓ;Oψ) −→ H1(YΓ;Kψ)

does not lie in H̃1(YΓ;Oψ). We define the denominator of c ∈ H1(YΓ;Kψ) to be the fractional ideal

δKψ(c) :=
{
a ∈ Kψ| ac ∈ H̃1(YΓ;Oψ)

}
.

We also define the denominator of the Eisenstein cohomology

δKψ(Eisψ) :=
⋂

[ω]∈Im(res)∩H̃1(∂XΓ;Oψ)

δKψ(Eisψ(ω)). (5.3.1)

If the denominator were Oψ then the Eisenstein map would be integral, so the denominator measures

how far from integral it is. Berger [Ber09] proves in many cases a lower bound (in the sense of

divisibility) on the denominator. We will prove an upper bound in the case where the class number

of K is one.

5.3.1 Integrality of Eisenstein series

We begin by proving some integrality results of Eisenstein series, due to Damerell [Dam71]. We will

need the following result, due to Cassels [Cas49].

Proposition 5.3.1. Let n be a positive integer such that nz is in L. Then 2
√
n℘(z) is an algebraic

integer.

Proposition 5.3.2. Let L be a lattice with O(L) = O and such that g2(L) and g3(L) are algebraic

integers. If nz is in L, then the values 2
1
2n

5
4G1(z, L) and 2

1
2
√
dKG2(L) are algebraic integers.

Proof. We follow Sczech’s presentation [Scz86, Proof of Theorem. 10] of Damerell’s proof, and begin

with the integrality of G1(z, L). First note that if z0 ∈ L, then G1(z + z0, L) = G1(z, L) and that
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G1(−z, L) = −G1(z, L). Hence if z is such that nz ∈ L, we have

nG1(z, L) = (n− 1)G1(z, L) +G1(z, L)

= (n− 1)G1(z, L) +G1(nz − (n− 1)z, L)

= (n− 1)G1(z, L)−G1((n− 1)z, L).

We can write this as a telescopic sum

nG1(z, L) =
n−1∑
k=1

G1(kz, L) +G1(z, L)−G1((k + 1)z, L). (5.3.2)

For three points x, y, w in L with x+ y + w = 0 we have the addition formula

(G1(x, L) +G1(y, L) +G1(w,L))
2 = ℘(x) + ℘(y) + ℘(w).

If nz ∈ L then by the result of Cassels

2
1
2n

1
4 (G1(kz, L) +G1(z, L)−G1((k + 1)z, L))

is an algebraic integer, where we used the fact that the square root of an algebraic integer is an

algebraic integer. Hence by (5.3.2) we have that

2
1
2n

5
4G1(z, L)

is an algebraic integer. For the integrality of G2(L), note that we have

℘(z) = G2(z, L)−G2(L).

Hence for any non-real α ∈ O − {0} we have∑
r∈L/αL

℘
( r
α

)
=

∑
r∈L/αL

(
G2

( r
α
, L
)
−G2(L)

)
= (α2 − αα)G2(L).

We apply Cassel’s result with n := (αα)2 = N(α)2 ∈ N, since O(L) = O we have

n
r

α
= N(α)αr ∈ L.

We write α = xα + yα
dK+i

√
|dK |

2 . By Cassel’s result we have that 2
1
2 N(α)αiyα

√
|dK |G2(L) is an
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algebraic integer. Hence after multiplying by the algebraic integer −iα we also have that

2
1
2 N(α)2yα

√
|dK |G2(L)

is an algebraic integer. Finally we choose α and α′ such that N(α)2yα and N(α′)2yα′ are coprime

and we find that

2
1
2

√
|dK |G2(L)

is an algebraic integer.

5.3.2 Integrality of the Sczech cocycle

Since Eψ(γ) =
∫ γu0
u0

Eψ we have

Eψ(γ1γ2) = Eψ(γ1) + Eψ(γ2)

and it follows from Theorem 5.2.5 that

ΦL(γ1γ2) = ΦL(γ1) + ΦL(γ2). (5.3.3)

This gives an alternative proof of the cocycle property of the Sczech cocycle.

Lemma 5.3.3. Let a and c in O − 0 be coprime. Then there exists an x ∈ O such that |a + cx|2

and |c|2 are coprime.

Proof. First note that for an integer n ∈ Z we have gcd(n, c) = 1 implies gcd(n, |c|2) = 1, or

equivalently gcd(n, |c|2) > 1 implies gcd(n, c) > 1. Indeed, if p is a prime ideal dividing gcd(n, |c|2)
but not dividing c then p divides gcd(n, c). On the other hand, since n is an integer, if p divides

n then p divides n. It follows that p divides gcd(n, c). Hence we only need to find x such that

gcd(|a+ cx|2, c) = 1.

For an ideal a let S(a) be the set of its prime ideal divisors. We write S(c) as a disjoint union

S(c) = S1 ⊔ S2 ⊔ S3

where

S1 := S(c) ∩ S(a) = {p divides c and a}

S2 := S(c) ∩ S(c) = {p divides c and c}

S3 := S(c)− S(c) ∩ S(ac) = {p divides c and does not divide ac} .
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Note that since a, c are coprime S1 ∩S2 = ∅. By the Chinese remainder theorem we can find x ∈ O

such that

vp(x) = 0 for all p ∈ S1,

vp(x) > 0 for all p ∈ S3.

Let us now show that vp(|a + cx|2) = 0 for all p ∈ S(c). Since p divides c we have vp(c) > 0 and

vp(a) = 0, and because vp(x) ≥ 0 it follows that

vp(a+ cx) = min(vp(a), vp(c) + vp(x)) = 0.

It remains to show that vp(a+ cx) = 0.

1. If p ∈ S1 we have vp(a) > 0 and vp(c) = vp(x) = 0 so that

vp(a+ cx) = min(vp(a), vp(c) + vp(x)) = 0.

2. If p ∈ S2 we have vp(c) > 0, vp(a) = 0 and vp(x) ≥ 0 so that

vp(a+ cx) = min(vp(a), vp(c) + vp(x)) = 0.

3. Finally if p ∈ S3 we have vp(c) = vp(a) = 0 and vp(x) > 0 so that we also have

vp(a+ cx) = min(vp(a), vp(c) + vp(x)) = 0.

Proposition 5.3.4 (Sczech). Let L ⊂ K be a lattice such that g2(L) and g3(L) are integers. Then

2ΦL is an algebraic integer.

Proof. It follows from Proposition 5.3.2, we recall the proof from Sczech [Scz84, Satz. 4]. Note that

by the definition of the Sczech cocycle we have ΦL(A) = 0 for A =

(
0 1

−1 0

)
. Hence by (5.3.3) we

have

ΦL

(
a b

c d

)
= ΦL

((
0 1

−1 0

)(
a b

c d

))
= ΦL

(
c d

−a −b

)
(5.3.4)
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First suppose that c = 0. Then a and d are units and

I

(
b

d

)
∈
√
dKZ.

Hence it follows from Proposition 5.3.2 that

2ΦL

(
a b

0 d

)
(5.3.5)

is integral.

Suppose that c ̸= 0. By (5.3.4) we can also suppose that a ̸= 0. Since ar
c and r

c are |c|2-torsion
points we have

2|c|7D(a, c, L)

is an algebraic integer. Since I
(
a+d
c

)
∈
√
dK

1
|c|2Z we have that

2|c|7ΦL

(
a b

c d

)

is integral. By (5.3.4) we also have that

2|a|7ΦL

(
a b

c d

)

is integral. Hence if |a|2 and |c|2 are coprime, then

2ΦL

(
a b

c d

)
(5.3.6)

is integral. If not then by Lemma 5.3.3 we can find x ∈ O such that |a+ cx|2 and |c|2 are coprime.

Since (
a+ cx b+ dx

c d

)
=

(
1 x

0 1

)(
a b

c d

)

we have by (5.3.3)

ΦL

(
a b

c d

)
= ΦL

(
a+ cx b+ dx

c d

)
− ΦL

(
1 x

0 1

)
.
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The integrality follows from the integrality of the terms on the right-hand side, which in turn follows

from (5.3.5) and (5.3.6).

5.3.3 An upper bound on the denominator

Theorem 5.3.5. Suppose that K has class number 1. An upper bound for the denominator of the

Eisenstein cohomology is given by

2Lalg(ψ, 0)Oψ ⊂ δKψ(Eisψ).

Proof. Recall that by Proposition 5.2.1 a class [ω] is in H̃1(YΓ;Oψ) if
〈
ω, [u0, γu0]

〉
∈ R for every

γ ∈ Γ. Let ω ∈ Im(res) ∩ H̃1(∂XΓ,Oψ), that we can write ω = α(dz − dz̄) with α ∈ Oψ. It follows

from Lemma 5.2.4 that

Eψ(γ) =

∫ γu0

u0

Eψ =
〈
Eψ, [u0, γu0]

〉
=
〈
2L(ψ, 0)Eisψ(dz), [u0, γu0]

〉
.

Hence
〈
2Lalg(ψ, 0)Eisψ(ω), [u0, γu0]

〉
= αΩ−2

(
Eψ(γ)− Eψ(γ)

)
. By Propositions 5.2.5 and 5.3.4 we

have

αΩ−2
(
Eψ(γ)− Eψ(γ)

)
= 2αΩ−2ΦO(γ) = 2αΦL(γ) ∈ Oψ.

Thus for any ω ∈ Im(res) ∩ H̃1(∂XΓ,Oψ) we have

2Lalg(ψ, 0)Eisψ(ω) ∈ H̃1(YΓ,Oψ).

5.3.4 Relation to the work of Berger

Instead of the fractional ideal δKψ(Eisψ) defined in (5.3.1), we can also consider the integral denom-

inator

δOψ(c) :=
{
a ∈ Oψ| ac ∈ H̃1(YΓ;Oψ)

}
⊂ Oψ,

and

δOψ(Eisψ) =
⋂

ω∈Im(res)∩H̃1(∂XΓ;Oψ)

δOψ(Eisψ(ω)).
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By Proposition 5.1.2, the value
√
dKL

alg(ψ, 0) is an algebraic integer and Theorem 5.3.5 becomes

2
√
dKL

alg(ψ, 0)Oψ ⊂ δOψ(Eisψ). (5.3.7)

In order to compare with the result of Berger we work locally. Let p be a split prime in K, dividing

a rational prime p > 3. Let Kp be the completion with ring of integers Op. Let q be a prime ideal

of Kψ lying over p, let Kψ,q be the completion with ring of integers Oψ,q. Let vp and vq be the

valuations in K and Kψ, related by

vq(x) =
1

[Kψ,q : Kp]
vp(NKψ |K(x)),

for x ∈ Kψ. We can replace Oψ by the local ring Oψ,p and define the denominator ideal

δOψ,p(Eisψ) ⊂ Oψ,p.

Since p is odd and unramified 2
√
dK is a p-adic unit and (5.3.7) becomes

Lalg(ψ, 0)Oψ,p ⊂ δOψ,p(Eisψ).

In that setting, Berger seems to prove [Ber08, Theorem. 28] the lower bound (in the sense of

divisibility)

δOψ,p(Eisψ) ⊂ Lalg(ψ, 0)Oψ,p,

yielding the equality

δOψ,p(Eisψ) = Lalg(ψ, 0)Oψ,p.



Chapter 6
Résumé en français

Cette thèse porte sur l’étude de certains espaces localement symétriques en relation avec des

formes automorphes. Une première partie (Chapitres 3 et 4) s’intéresse à des espaces localement

symétriques MK associés à des groupes orthogonaux. Sur ces espaces nous nous intéressons à des

formes différentielles qui proviennent de travaux de Mathai et de Quillen et qui permettent de con-

struire certaines séries thêtas à valeur dans la cohomologie de MK . D’un autre côté, les formes

de Mathai et de Quillen permettent aussi de construire des classes d’Eisenstein sur des espaces

localements symétriques associés à SLN (K) où K est un corps quadratique imaginaire. Dans une

seconde partie (Chapitre 5) nous utilisons ces formes pour donner une borne sur le dénominateur

de la cohomologie d’Eisenstein.

Partie 1

Espaces localement symétriques associés à des groupes orthogonaux. On se donne un

Q-espace quadratique (XQ, Q) et soit H := SO(Q) son groupe orthogonal. Soit (p, q) la signature

de XR = XQ ⊗ R. Un sous-espace z de XR est dit négatif si la restriction de Q à z est négative

définie. On considère l’espace des sous-espaces vectoriels de dimensions q, négatifs et orientés

D :=
{
z ⊂ XR orienté

∣∣ dim(z) = q, Q
∣∣
z
< 0

}
.

Cet espace n’est pas connexe et nous noterons D+ l’une de ses deux composantes connexes. Le

groupe H(R)+, la composante connexe du neutre, agit transitivement sur D+. Si on se donne un

point base z0 ∈ D+, le stabilisateur K∞ = K∞(z0) est un compact maximal de H(R)+ qui est

isomorphe à SO(p)× SO(q). On obtient ainsi un isomorphisme

D+ ≃ H(R)+/K∞ ≃ SO(p, q)+/ SO(p)× SO(q).
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Pour les petites signatures on peut par exemple identifier D+ avec R>0 pour (p, q) = (1, 1), avec H
pour (p, q) = (2, 1) ou encore avec H × H pour (p, q) = (2, 2). Le troisième exemple est étudié en

4.4.

On se donne ensuite une fonction de Schwartz finie φf ∈ S (XAf ), qui est préservée par un

sous-groupe ouvert compact Kf ⊂ H(Ẑ) agissant par la representation de Weil. Plus concrètement

cela signifie que

φf (k
−1x) = φf (x) ∀k ∈ Kf , ∀x ∈ XAf .

L’espace qui nous intéresse est le double quotient

MK := H(Q)\H(A)/K.

où K = K∞Kf . C’est une union disjointe

MK =

r⊔
i=1

Mhi

d’espaces localement symétriques Mh := Γh\D+ de dimension pq, où Γh est l’image dans Had(Q) =

H(Q)/Z(Q) de

Γ′
h := H(Q)+ ∩ hKfh

−1,

et h1, . . . , hr ∈ H(Af ) sont tels que

H(Af ) =
r⊔
i=1

H(Q)+hiKf . (6.0.1)

Le groupe discret Γh ⊂ H(Q)+ préserve l’ensemble Lh(φf ) dans XQ défini par

Lh(φf ) :=
{
x ∈ XQ|φf (h−1x) ̸= 0

}
.

Notons que si φf est la fonction caractéristique d’un réseau adélique, alors Lh(φf ) est un réseau

dans XQ.

En général MK est non-compact et on note MK une compactification.

Cycles spéciaux. Pour chaque vecteur x dans XQ avec Q(x,x) > 0 il existe une sous-variété

totalement géodésique D+
x ⊂ D+ consistant en l’ensemble des z ∈ D+ qui sont orthogonaux à x.

La codimension de D+
x est q. Ces sous-variétés deviennent des cycles dans MK lorsque l’on passe

au quotient, que nous appelons cycles spéciaux. Supposons pour simplifier que r = 1 dans (6.0.1).
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Ainsi MK = Γ\D+ est connexe, où Γ′ = H(Q)+ ∩Kf . Si Γx est le stabilisateur de x dans Γ, alors

Cx est l’image de la composition

Γx\D+
x ↪−→ Γx\D+ −→ Γ\D+. (6.0.2)

Nous noterons aussi

Cx ∈ Zpq−q(MK , ∂MK ;R)

le cycle en homologie relative au bord et de codimension q qui est représenté par l’image de

l’immersion (6.0.2). Pour n > 0 on peut ensuite définir les cycles

Cn(φf ) :=
∑
x∈XQ

Q(x,x)=2n

φf (x)Cx ∈ Zpq−q(MK , ∂MK ;R).

Dans le cas où MK a plusieurs composantes connexes, on définit de la même manière un cycle

Cn(φf , hi) sur Mhi puis on somme sur les composantes connexes de MK ; voir sous-section 2.2.8.

Forme de Kudla-Millson. Dans leurs travaux, Kudla-Millson [KM86; KM87; KM90] constru-

isent une correspondance thêta entre la cohomologie de l’espace MK et un espace de formes mod-

ulaires. Leur construction utilise les travaux de Weil [Wei64] sur les séries thêtas et une forme

différentielle φKM . Plus précisément, la forme différentielle introduite par Kudla et Millson est une

q-forme

φKM ∈
[
Ωq(D+)⊗ S (XR)

]H(R)+

qui est fermée et H(R)+-invariante dans le sens où

h∗φKM (x) = φKM (h−1x)

pour tout h dansH(R)+. De plus, c’est une forme de Thom, c’est-à-dire que si ω dans Ωpq−qc (Γx\D+)

est une forme à support compact alors∫
Γx\D+

φKM (x) ∧ ω = 2−
q
2 e−πQ(x,x)

∫
Γx\D+

x

φKM (x). (6.0.3)

Nous parlerons un peu plus des formes de Thom plus tard, lorsque nous expliquerons comment

obtenir les formes de Kudla-Millson grâce aux travaux de Mathai et Quillen. Pour le moment

rappelons la construction original de Kudla et Millson dans [KM86; KM87].

Soit h l’algèbre de Lie de H(R)+ et soit k celle de K∞. Soit p une sous-algèbre de Lie telle
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h = k⊕ p soit une décomposition de Cartan, et la somme est orthogonale par rapport à la forme de

Killing. L’espace tangent TeK∞D+ de D+ à l’identité peut être identifié à p. Ainsi le fibré cotangent

est

(TD+)∗ = H(R)+ ×K∞ p∗,

où K∞ agit sur p∗ par le dual de la représentation adjointe Ad. On identifie XR et Rp+q par une

base orthogonale e1, . . . , ep+q telle que les p premiers vecteurs aient norme 1 et les q derniers norme

−1. Par rapport à cette base le majorant de Siegel à z0 est donné par

Q+
z0(x,x) :=

p+q∑
i=1

x2i .

Rappelons que H(R)+ agit sur S (Rp+q) par (h · f)(x) = f(h−1x). On a un isomorphism

[
Ωq(D+)⊗ S (Rp+q)

]H(R)+ −→
[∧q

p∗ ⊗ S (Rp+q)
]K∞

φ −→ φe

en évaluant φ au point base eK∞ ∈ D+, correspondant à z0. Pour 1 ≤ α ≤ p et p+ 1 ≤ µ ≤ p+ q

soit Xαµ une base de p et ωαµ la base duale de p∗. On définit l’opérateur de Howe

D :
∧•

p∗ ⊗ S (Rp+q) −→
∧•+q

p∗ ⊗ S (Rp+q)

par

D :=
1

2q

p+q∏
µ=p+1

p∑
α=1

Aαµ ⊗
(
xα − 1

2π

∂

∂xα

)

où Aαµ est la multiplication à gauche par ωαµ, le dual de Xαµ. La forme de Kudla-Millson est

définie en appliquant D à la gaussienne exp
(
−πQ+

z0(x,x)
)
:

φKM (x)e := D exp
(
−πQ+

z0(x,x)
)
∈
∧q

p∗ ⊗ S (Rp+q).

Séries thêtas de Kudla-Millson. Voyons maintenant comment la forme de Kudla-Millson per-

met de construire des séries thêtas à valeur dans la cohomologie de MK . Nous supposerons que

p+ q est pair. Rappelons l’existence d’une représentation unitaire

ω : SL2(R) −→ U(S (XR))
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appelée la représentation de Weil. Elle s’étend en une représentation [Ω(D)+ ⊗ S (XR)]
H(R)+

et on

peut donc considérer la forme

ω(g)φKM ∈
[
Ω(D)+ ⊗ S (XR)

]H(R)+

pour g ∈ SL2(R). Pour hf ∈ H(Af ) et τ = u+ iv un point dans le demi-plan posons maintenant la

série thêta

ΘKM (τ, hf , φf ) := v−
p+q
4

∑
x∈XQ

(
ω(gτ )φKM

)
(x)φf (h

−1
f x) ∈ Ω(D+),

où gτ =

(√
v u/

√
v

0 1/
√
v

)
est une matrice de SL2(R) envoyant i sur τ . Comme φKM (x) est H(Q)+-

invariante et φf (h
−1
f x) est hfKfh

−1
f -invariante, il s’en suit que ΘKM (τ, hf ) est Γhf -invariante, où

Γhf est l’intersection H(Q)+ ∩ hfKfh
−1
f comme auparavant. Ainsi, nous pouvons voir ΘKM (τ, hi)

comme une forme sur Mhi . En sommant sur les composantes connexes de MK , on définit ensuite

ΘKM (τ, φf ) :=
r∑
i=1

ΘKM (τ, hi, φf ) ∈ Ωq(MK). (6.0.4)

La forme φKM étant fermée, il en résulte que ΘKM (τ, φf ) est aussi fermée et représente une classe

de cohomologie dans Hq(MK ;R). En particulier, si l’on se donne maintenant un cycle (compact)

dans Zq(MK ;R) on peut considérer la fonction sur le demi-plan

τ 7−→
∫
C
ΘKM (τ, φf ) ∈ C.

Kudla et Millson montrent (dans un cadre plus général) que cette fonction est une forme modulaire

de poids p+q
2 et d’un certain niveau dépendant de φf . On peut réordonner les termes de (6.0.4)

pour obtenir le développement en série de Fourier

ΘKM (τ, φKM ) =
∑
n∈Q×

Θn(v, φf )e
2iπnτ ,

où

Θn(v, φf ) :=

r∑
i=1

∑
x∈XQ

Q(x,x)=2n

φf (h
−1
i

√
vx)φ0(x)

et φ0(x) := eπQ(x,x)φKM (x). Avec cette normalisation, la propriété de Thom (6.0.3) dit que φ0(x)

est un dual de Poincaré de Γx\D+
x dans Γx\D+. On peut ensuite vérifier que la forme κ−1Θn(v, φf )
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est un dual de Poincaré du cycle spécial Cn(φf ) défini plus haut et

κ :=

2 si − 1 ∈ Kf ∩H(Q)+,

1 sinon.
(6.0.5)

Si l’on intègre cette forme sur C on obtient pour n > 0∫
C
Θn(v, φf ) = κ

〈
Cn(φf ), C

〉
et on déduit le développement en série de Fourier de la forme modulaire∫

C
ΘKM (τ, φf ) =

∫
C
Θ0(v, φf ) + κ

∑
n∈Q>0

〈
Cn(φf ), C

〉
e2iπnτ . (6.0.6)

Les travaux de Kudla-Millson nous permettent ainsi de construire des formes modulaires dont les

coefficients de Fourier sont des nombres d’intersection de cycles sur MK . En revanche, ils sont

limités au cas où le cycle C est compact, dans le Chapitre 4 nous nous intéressons à l’integrale le

long d’un cycle non-compact.

6.1 La forme de Kudla-Millson et les travaux de Mathai-Quillen

Nous avons vu que la forme φKM ∈ [Ωq(D+)⊗ S (XR)]
H(R)+

est une pièce centrale de la correspon-

dance thêta de Kudla-Millson entre les formes modulaires et la (co)homologie de MK . Nous avons

aussi vu que φKM (x) (ou plutôt la forme φ0(x)) était un dual de Poincaré de Γx\D+
x dans Γx\D+.

Dans les travaus de Kudla et Millson la forme φKM est construite par la théorie de la représentation

et les opérateurs de Howe. Le résultat principal du Chapitre 3 est une construction plus géométrique

de la forme de Kudla-Millson grâce à une construction de Mathai et Quillen [MQ86] d’une forme

de Thom canonique.

Formes de Thom. Soit π : E −→M un fibré de rang r sur une variétéM connexe lisse et orientée.

On suppose que E est un fibré métrique, c’est à dire qu’il existe une métrique en chaque fibre qui

varie de façon lisse, et que E est orienté. Notons Ωcv(E) le complexe des formes à support compact

dans les fibres (l’indice cv signifie ’compact vertical’) et Hcv(E) la cohomologie du complexe. En

integrant le long de la fibre on obtient un isomorphisme

Th: H i+r
cv (E) −→ H i(M)
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appelé l’isomorphisme de Thom. Comme H0(M) ≃ R on obtient une forme canonique

Th(E) := Th−1(1) ∈ Hr
cv(E),

c’est la classe de Thom du fibré E . Un représentant de cette classe s’appelle un forme de Thom.

On peut remplacer les formes à support vertical compact par des formes rapidement décroissantes

dans les fibres, l’essentiel étant que l’intégrale le long des fibres soit convergente. Plus précisément

on définit les formes rapidement décroissantes comme suit. Soit ω ∈ Ωj(E) une forme sur E . Sa

retriction ω
∣∣
m

à une fibre Em := π−1(m) pour m ∈ M est une forme sur Em, qu’on peut donc voir

comme un élément de C∞(Em)⊗∧jEm. On dira que ω est rapidement décroissante si ωm appartient

en fait à S (Em)⊗ ∧jEm, et on note Ωjrd(E) l’ensemble de ces formes. La fonction

h : E −→ E

y 7−→ y√
1− ∥y∥2

est un difféomorphisme du fibré en disques ouverts DEo sur E . Ainsi, par tiré en arrière on obtient

un isomorphisme

H i
rd(E) −→ H i

cv(E).

On peut alors voir la classe de Thom comme un élément dansHr
rd(E). Après avoir fixé une connexion

∇ sur E qui est compatible avec la métrique, Mathai et Quillen construisent une forme de Thom

canonique UMQ ∈ Ωrrd(E).

Un premier résultat. Il y a un fibré naturel sur D+, le fibré tautologique que nous noterons E.

Il est défini comme ceci: au dessus de chaque point z ∈ D+, la fibre Ez est le plan orienté z. Il

s’agit donc d’un fibré de rang q, orienté et qu’on peut munir de la métrique −Q
∣∣
z
en chaque fibre.

En appliquant la construction de Mathai-Quillen au fibré E on obtient une forme UMQ ∈ Ωqrd(E)

qu’on peut tirer en arrière par une section sx : D+ −→ E, qui dépend d’un vecteur x ∈ XR. On

obtient une forme s∗xUMQ ∈ Ωq(D+), que le théorème suivant relie à la forme de Kudla-Millson.

Théorème A. (Théorème 3.2.5 dans le texte) On a φKM (x) = 2−
q
2 e−πQ(x,x)s∗xUMQ.

En signature (2, q), les espaces sont hermitiens et le résultat fût obtenu par des méthodes simi-

laires dans [Gar18], en utilisant les travaux de Bismut-Gillet-Soulé.
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6.2 Restriction à la diagonale de séries d’Eisenstein

Le point de départ du résultat présenté dans le Chapitre 4 est un résultat de Darmon-Pozzi-Vonk qui

relie la restriction à la diagonale d’une série d’Eisenstein à des nombres d’intersection de géodésiques.

Soit ψ un caractère de Hecke d’order fini et totalement impair sur le groupe de classe restreint

Cl(F )+ d’un corps quadratique réel de discriminant dF . À un tel caractère on peut associer une

série d’Eisenstein E(τ1, τ2, ψ) qui est une forme modulaire de Hilbert de poids parallèle 1 et de

niveau SL2(O). Sa restriction à la diagonale E(τ, τ, ψ) est une forme modulaire de poids 2 et de

niveau SL2(Z). Elle est donc nulle, car il n’existe pas d’autres telles formes modulaires. À la place on

peut regarder la p-stabilisation E(p)(τ1, τ2, ψ) à un nombre premier p. La restriction à la diagonale

E(p)(τ, τ, ψ) est une forme de poids 2 et niveau Γ0(p), non-nulle quand p est scindé. Supposons

que p soit scindé et soit Y0(p) la courbe modulaire Γ0(p)\H. À chaque idéal fractionnaire a et à

une racine carrée r de DF modulo p on peut associer une géodésique Qa,r dans Y0(p). Soit Q(ψ) le

1-cycle défini par

Q(ψ) :=
∑

[a]∈Cl(F )+

ψ(a)(Qa,r +Qa,−r) ∈ Z1(Y0(p)),

et soit Q(0,∞) l’image dans Y0(p) de la géodésique qui joint les pointes 0 et ∞. L’identité suivante

est prouvée dans [DPV21, Theorem. A]

E(p) (τ, τ, ψ) = L(p)(ψ, 0)− 2
∞∑
n=1

〈
Q(0,∞), TnQ(ψ)

〉
e2iπnτ (6.2.1)

où L(p)(ψ, 0) = (1−ψ(p))(1−ψ(pσ))L(ψ, 0) et Tn est un opérateur de Hecke defini par des doubles

classes. Dans loc. cit. l’égalité (6.2.1) est démontrée en calculant les nombres d’intersections et en

les comparant avec les coefficients de Fourier de E(p)(τ, τ, ψ). En ayant en tête la construction de

Kudla et Millson, on se pose la question suivante.

Question. Peut-on retrouver l’égalité (6.2.1) par le relevé theta de Kudla-Millson?

L’objectif du Chapitre 4 est de répondre positivement à cette question et de généraliser le résultat

de Darmon-Pozzi-Vonk à des corps totalement réels. Pour cela, nous construisons un cycle relatif

C ⊗ ψ qui est un tore dans MK , tel que l’intégral de la série theta de Kudla et Millson sur ce tore

donne la restriction à la diagonale d’une série d’Eisenstein.

Un certain espace quadratique de signature (N,N). À première vue, en comparant les

Equations (6.0.6) and (6.2.1), on pourrait penser qu’on doit travailler avec l’espace symétrique H
associé à un groupe orthogonal de signature (2, 1). Mais le bon cadre est en fait de travailler avec

l’espace symétrique associé à un groupe orthogonal de signature (2, 2) et d’exploiter l’isomorphisme
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exceptionel entre D+ et H×H. Pour la généralisation on utilise un espace quadratique de signature

(N,N), obtenu par restriction des scalaires comme suit.

Soit F/Q un espace quadratique totalement réel de degré N , soit O son anneau des entiers et

notons FQ pour F vu comme Q-algèbre. Soit X0
F = F 2 l’espace quadratique de dimension 2 sur F ,

avec la forme quadratique Q0(x,y) = xy′ + x′y avec x = (x, x′) et y = (y, y′) des vecteurs dans F 2.

À une place v de Q posons FQv := FQ ⊗ Qv. L’espace que nous considérons est la restriction des

scalaires XQ := ResF/QX
0
F = F 2

Q avec la forme quadratique Q := trF/Q ◦Q0. C’est un espace de

dimensions 2N sur Q et qui a signature (N,N). On fixe une Z-base ϵ1, · · · , ϵN de O, ce qui identifie

FQ avec QN . Cette base identifie XQ avec Q2N où la forme quadratique est donnée par la matrice

symétrique

A(Q) :=

(
0 A

A 0

)

où A ∈ GLN (Q) est une matrice telle que det(A) = DF soit le discriminant de F ; voir (4.1.3).

Comme précédémment nous nous intéressons à l’espace MK , où Kf préserve une fonction de

Schwartz φf ∈ S (XAf ), et à la série thêta ΘKM (τ, φf ) ∈ ΩN (MK).

Un cycle non compact C ⊗ ψ. Nous intégrons ΘKM (τ, φf ) sur un cycle relatif associé à un

caractère de Hecke unitaire et d’ordre fini. Pour simplifier ce résumé supposons que ψ est non-

ramifié. On suppose aussi que le caractère est totalement impair (autrement dit ψσ = sgn à chaque

place archimédienne de F ), car l’intégrale le long du cycle C ⊗ ψ sera nul dès que ψ est pair à une

place; voir Remarques 4.3.1 et 4.4.6.

Soit SO(F 2) ⊂ GL2(F ) le groupe orthogonal de l’espace X
0 = F 2 avec la forme quadratique Q0

définie plus haut. L’application

F× −→ SO(F 2)

t 7−→

(
t 0

0 t−1

)

est un isomorphisme entre F× et SO(F 2). D’un autre côté le groupe SO(F 2) peut être naturellement

plongé dans SO(F 2
Q) ⊂ GL2N (Q) par restriction des scalaires. En composant les deux plongements

et en passant aux adèles on obtient

h : A×
F ↪−→ SO(F 2

A) ⊂ GL2N (A),
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où F 2
A = F 2

Q ⊗Q A. Si h(Ô×) ⊂ Kf , alors le plongement h induit une immersion

MO −→MK , (6.2.2)

où

MO := F×\A×
F /{±1}N−1 × Ô×.

L’espace MO n’est pas connexe et il y a une bijection entre les classes du groupe de classe restreint

Cl(F )+ et les composantes connexes de MO . Plus précisément on peut l’écrire comme une union

disjointe

MO =
⊔

[a]∈Cl(F )+

Γ\RN>0

où Γ := O×,+ sont les unités totalement positives dans O. L’image par l’immersion (6.2.2) de la

composante connexe correspondant à [a] ∈ Cl(F )+ définit un cycle relatif au bord

Ca ∈ ZN (MK , ∂MK ;R).

On le tord par le caractère de Hecke pour obtenir

C ⊗ ψ :=
∑

[a]∈Cl(F )+

ψ(a)Ca ∈ ZN (MK , ∂MK ;R).

Les limites des résultats de Kudla-Millson. Nous avons vu que l’intégrale de ΘKM (τ, φf ) le

long d’un cycle compact est une forme modulaire de poids N dont les coefficients de Fourier sont des

nombres d’intersection. Si l’on remplace C par un cycle non-compact, les résultats de Kudla-Millson

ne s’appliquent pas directement et trois problèmes peuvent apparâıtre. Premièrement, l’intégrale

peut diverger. Deuxièmement, même si l’intégrale converge la fonction en τ qui en résulte peut

être non-holomorphe. Troisièmement, même si l’intégral converge en une fonction holomorphe en

τ , il n’est pas clair que les coefficients de Fourier puissent être interprétés en terme de nombre

d’intersection de C avec Cn(φf ) comme en (6.0.6). En particulier car un tel nombre n’est à priori

pas bien défini, les cycles C et Cn(φf ) étant tous les deux non-compacts.

Dans le cas qui nous intéresse l’intégrale de ΘKM (τ, φf ) sur C ⊗ ψ ne converge pas, mais peut-

être régularisée en ajoutant un paramètre ts avec s ∈ C et en isolant des termes singuliers, comme

dans [Kud82]. De plus, bien que les cycles Cn(φf ) et C ⊗ ψ soient non-compacts, on montre que le

nombre d’intersection
〈
Cn(φf ), C ⊗ ψ

〉
est bien défini; voir Définition 4.3.14.
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Séries d’Eisenstein et restriction à la diagonale. Pour un caractère de Hecke ψ comme en

haut et une fonction de Schwartz finie ϕf ∈ S (F 2
A,f ) on définit aussi une série d’Eisenstein

E(τ1, . . . , τN , ϕf , ψ) = E(τ1, . . . , τN , ϕf , ψ, s)
∣∣
s=0

par prolongement analytique, où (τ1, . . . , τN ) ∈ HN . C’est une forme modulaire de Hilbert de poids

parallèle 1. Si l’on prend τ = τ1 = · · · = τN , alors la restriction à la diagonale

τ 7−→ E(τ, . . . , τ, ϕf , ψ)

est une forme modulaire de poids N .

Comme XAf ≃ F 2
A,f on peut voir φf comme une fonction de Schwartz sur F 2

A,f . Soient l1 et l2

les droites isotropes engendrées par les vecteurs isotropes e1 :=
t(1, 0) et e2 :=

t(0, 1) dans F 2. Pour

une fonction de Schwartz sur XAf ≃ F 2
Af soient φ1 et φ2 les fonctions de Schwartz dans S (FA,f )

obtenu par restriction de φf à l1 et l2.

Théorème B. (Théorème 4.3.12 dans le texte) Soit φf ∈ S (XAf ) telle que φ1 ou φ2 soit nulle.

L’intégrale

2N−1

∫
C⊗ψ

ΘKM (τ, φf )

est la restriction à la diagonale de E(τ1, . . . , τN , ϕf , ψ), où ϕf = Fφf est une transformée de Fourier

partielle de φf . De plus, le développement en série de Fourier de la restriction à la diagonale est

E(τ, . . . , τ, ϕf , ψ) = ζf (φ1, ψ
−1, 0) + ζf (φ2, ψ, 0) + (−1)N2N−1κ

∑
n∈Q>0

〈
Cn(φf ), C ⊗ ψ

〉
e2iπnτ ,

où ζf est une intégrale zeta (voir 4.1.3) et κ est 1 ou 2 comme en (6.0.5).

L’intersection est entre le cycle C ⊗ ψ de dimension N et le cycle Cn(φf ) de codimension N

(et dimension N2 − N) dans MK . Le terme constant est constitué de la valeur en s = 0 du

prolongement analytique de deux fonctions zeta convergentes sur les demis-plans disjoints Re(s) > 1

et Re(s) < −1. La condition d’annulation de φ1 ou φ2 garantit que l’un de ces deux termes soit nul

et que le prolongement analytique existe bien.

Un seesaw. La série thêta ΘKM (τ, φf ) est un noyau thêta pour la paire duale SL2(Q)×SO(F 2
Q).

Le cycle C ⊗ ψ est obtenu par le plongement F× ⊂ SO(F 2
Q). On peut résumer ce théorème par le

diagramme de seesaw suivant

SO(F 2
Q) SL2(F )

F× SL2(Q),
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qui relie le noyau thêta ΘKM (τ, φf ) à un noyau thêta pour la paire duale F× × SL2(F ).

Spécialisation aux corps quadratiques. Dans la Section 4.4 on formule le résultat pour un

corps quadratique F . On peut alors identifier F 2
Q avec Mat2(Q), l’espace des matrices carrés de

taille 2 avec la forme quadratique 2 det. C’est un espace de signature (2, 2) et dans ce cas nous

avons déjà mentionné l’isomorphisme entre D+ et H × H. On peut de plus choisir K tel que MK

soit isomorphe au produit de deux courbes modulaires Y0(p)× Y0(p).

Supposons que le premier p soit décomposé. Les deux racines ±r donnent deux isomorphismes

Z2 ≃ O, ce qui donne deux cycles C±r ⊗ ψ. Le cycle

Cr ⊗ ψ + C−r ⊗ ψ ∈ Z2

(
Y0(p)

2
, ∂Y0(p)

2
)
,

est alors égal à Q(ψ)×Q(∞, 0), où le bord est

∂Y0(p)
2
= Y0(p)× ∂Y0(p) ∪ ∂Y0(p)× Y0(p)

et Y0(p) est la compactification de Borel-Serre de Y0(p). Pour un bon choix de fonction de Schwartz

φ
(p)
f ∈ S (Mat2(Af )), les cycles Cn(φ

(p)
f ) sont des correspondances dans Y0(p)× Y0(p) et on a

〈
Cn(φ

(p)
f ), C ⊗ ψ

〉
=
〈
Q(0,∞), TnQ(ψ)

〉
.

De plus, si ϕ(p) ∈ S (A2
F ) est la transformée de Fourier partielle de φ(p), alors

E(p)(τ, τ, ψ) = E
(
τ, τ, ϕ

(p)
f , ψ

)
est la p-stabilisation considerée auparavant. Ainsi nous retrouvons le résultat de Darmon-Pozzi-

Vonk, voir Corollaire 4.4.12.1

Remark 6.2.1. Dans Corollaire 4.4.12.1 il y a un facteur 4 devant les coefficients de Fourier non-

constants, ce qui diffère du facteur 2 dans [DPV21, Theorem. A]. Cela est dû à l’absence du facteur

κ dans loc. cit.; voir Remarque 4.4.7 pour plus de détails.

Partie 2

Dans le chapitre 5 on considère l’espace localement symétrique YΓ associé à SL2(K) où K/Q est

un corps quadratique imaginaire. Soit O son anneau des entiers, que nous supposons ne contenir

aucune unité non-triviale, autrement dit que |O×| = 2. Soit YΓ = Γ\H3 où Γ = SL2(O) et H3 est

l’espace hyperbolique de dimension 3. Soit XΓ la compactification de Borel-Serre et ∂XΓ son bord.

L’inclusion YΓ ↪−→ XΓ est une équivalence d’homotopie et donc H1(XΓ;C) ≃ H1(YΓ;C).
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6.3 Borne supérieure sur le dénominateur de la cohomologie d’Eisenstein

Pour toute O sous-algèbre R ⊂ C soit H(−;R) la (co)homologie à coefficients dans R. On a un

application de restriction au bord

res : H1(YΓ;C) −→ H1(∂XΓ;C),

dont le noyau est la cohomologie intérieure (ou cuspidale) que nous notons H1
! (YΓ;C). Elle peut

être identifiée avec l’image dans H1(YΓ;C) de la cohomologie à support compact H1
c (YΓ;C). La

cohomologie d’Eisenstein H1
Eis(YΓ;C) est un complémentaire de la cohomologie intérieure, tel que

l’on ait une somme directe

H1(YΓ;C) = H1
! (YΓ;C)⊕H1

Eis(YΓ;C).

Soit ψ un caractère de Hecke algebrique de type z2 à l’infini et non-ramifié, dont les valeurs sont dans

une extension finie Fψ de K. La cohomolgie d’Eisenstein est définie comme l’image de Im(res) ⊂
H1(∂XΓ;C) par l’application Eisenstein de Harder:

Eisψ : Im(res) −→ H1(YΓ;C).

Dans [BCG20; BCG21] Bergeron-Charollois-Garcia utilisent la forme de Mathai-Quillen form pour

construire une forme différentielle

Eψ ∈ Ω1(H3;C)Γ

qui représente une classe d’Eisenstein dans la cohomologie H1
Eis(YΓ;C). Plus généralement, ils

définissent cette forme sur l’espace symétrique associé à SLN (K) et pour des coefficients plus

généraux. Dans le cas que nous considérons (N = 2 et coeffcients triviaux) cette forme différentielle

apparait déjà dans les travaux d’Ito [Ito87]. Elle définit un cocycle Eψ ∈ H1(Γ,C) par

Eψ(γ) =

∫ γu0

u0

Eψ

où u0 ∈ H3. Pour un réseau L dans K on définit le cocycle de Sczech ΦL : Γ −→ C par

ΦL

(
a b

c d

)
:=

I
(
a+d
c

)
E2(L)−D(a, c, L) si c ̸= 0,

I
(
b
d

)
E2(L) si c = 0,
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où E2(L) est une série d’Eisenstein etD(a, c, L) une somme de Dedekind; voir 5.1 pour les définitions.

Les deux cocycles sont reliés par

Eψ =
∑

a∈Cl(K)

ψ(a)−1Φa.

Cette egalité est démontrée en utilisant l’idée de [BCG21] de déplacer le chemin d’intégration

[u0, γu0] à l’infini. Plus précisément, on choisit une pointe v de YΓ et soit [v, γ−1v] le symbole

modulaire reliant les pointes v et γ−1v. Il y a une homotopie entre [u0, γu0] et [v, γ
−1v]; voir Figure

5.3. L’intégrale le long du symbole modulaire [v, γ−1v] donne la somme de Dedekind, alors que

le terme I
(
a+d
c

)
E2(O) est une contribution des pointes. On retrouve ainsi une formule dûe à Ito

[Ito87, Theorem. 3].

On peut utiliser la formule d’Ito pour déduire des résultats d’intégralité sur la cohomologie

d’Eisenstein. Sczech a montré que le cocycle 2ΦL est entier si les séries d’Eisenstein g2(L), g3(L)

sont des entiers algébriques, voir Proposition 5.3.4. Soit Lalg(ψ, 0) une normalisation de L(ψ, 0) qui

soit algébrique. Soit Kψ une extension de K contenant Lalg(ψ, 0), le corps Fψ et l’image de ΦL;

soit Oψ l’anneau des entiers de Kψ. Harder montre que Eisψ est rationnelle, c’est à dire que la

restriction aux coefficients dans Kψ donne une application

Eisψ : Im(res) ∩H1(∂XΓ;Kψ) −→ H1(YΓ;Kψ).

En se restreignant à des coefficients entiers on a une application

Eisψ : Im(res) ∩ H̃1(∂XΓ;Oψ) −→ H1(YΓ;Kψ), (6.3.1)

où H̃(−;Oψ) est la partie sans torsion de la cohomologie et est identifiée avec

Im
(
H1(−;Oψ) −→ H1(−;C)

)
.

Bien qu’elle soit rationnelle, l’application n’est pas entière, c’est-à-dire que l’image de 6.3.1 n’est

pas dans H̃1(YΓ;Oψ). Le dénominateur δKψ(Eisψ) ⊂ Oψ de la cohomologie d’Eisenstein est l’idéal

fractionnaire telle que l’image de (6.3.1) multipliée par le dénominateur est dans H̃1(XΓ;Oψ). Si le

dénominateur était Oψ alors Eisψ serait entière, ainsi le dénominateur mesure le défaut d’intégralité.

Théorème C. (Théorème 5.3.5) Supposons que Cl(K) = 1. On a la borne supérieure suivante

(dans le sens de divisibilité) sur le dénominateur:

2Lalg(ψ, 0)Oψ ⊂ δKψ(Eisψ).

D’un autre côté, Berger [Ber08] donne une borne inférieure sur le dénominateur, voir Section 5.3.4.
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Cela permet d’obtenir une égalité dans certains cas.

Pour le moment on obtient seulement le Théorème 5.3.5 pour nombre de classe 1 et sans coeffi-

cients, le cas plus général d’un nombre de classes quelconque et de coefficients plus généraux devrait

être accessible par la même méthode. De plus, il devrait en principe être possible de montrer des

résultats similaires pour SLN (K); voir la remarque ci-dessous.

Remark 6.3.1. Dans leur travaux, Bergeron-Charollois-Garcia [BCG21, Proposition. 3.1] utilisent

la classe d’Eisenstein Eψ sur l’espace associé à SLN (K) pour montrer une relation entre une somme

de Dedekind et l’intégrale le long d’une géodésique fermée. Ils considèrent une série d’Eisenstein

lissée, pour la rendre rapidement décroissante à une pointe v. Ils obtiennent ainsi une formule

similaire à la formule d’Ito (Théorème 5.2.5) mais sans contributions des pointes. En particulier, en

généralisant la démonstration du Théorème 5.2.5 à SLN (K) on pourrait obtenir une généralisation

de la formule d’Ito et de celle de [BCG21]. Cela pourrait aussi donner des bornes supérieures pour

le dénominateur de la cohomologie d’Eisenstein pour SLN (K).
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MOTS CLÉS

Espaces localement symétriques, formes modulaires, cohomologie, séries thetas, classes d’Eisenstein, corre-

spondance theta de Kudla-Millson

RÉSUMÉ

Nous étudions la cohomologie d’espaces localement symétriques en lien avec des formes automorphes. Dans une première

partie, nous nous intéressons à des espaces symétriques associés à des groupes orthogonaux et à la correspondance theta

de Kudla et Millson. Elle permet de relever des classes de cohomologie de l’espace localement symétrique à des formes

modulaires. Un des ingrédients de cette correspondance theta est une certaine forme différentielle. Un premier résultat nous

permet de relier cette forme différentielle à une forme de Thom construite par Mathai et Quillen grace à la théorie de Chern-

Weil. Dans un second temps, nous montrons qu’en choisissant une certaine classe de cohomologie associée à un corps de

nombre totalement réel F , le relevé par la correspondance theta est la restriction à la diagonale d’une série d’Eisenstein

de Hilbert de poids parallèle 1. De plus, nous montrons que ses coefficients de Fourier sont des nombres d’intersections.

Lorsque F est un corps quadratique cela nous permet de retrouver un résultat de Darmon, Pozzi et Vonk. Dans une seconde

partie, nous nous intéressons à la cohomologie d’Eisenstein d’un espace localement symétrique associé à SL2(K), où K

est un corps de nombre quadratique imaginaire. Nous donnons dans certains cas une borne inférieure en terme de valeur

spéciale de fonction L de Hecke. D’un autre côté, des travaux de Berger donne la même valeur comme borne supérieure,

ce qui permet dans certains cas d’obtenir une égalité.

ABSTRACT

We study the cohomology of locally symmetric spaces in connection with automorphic forms. In a first part, we are interested

in symmetric spaces associated to orthogonal groups and in the theta correspondence of Kudla and Millson. It allows us to

lift cohomology classes of the locally symmetric space to modular forms. One of the ingredients of this theta correspondence

is a certain differential form. A first result allows us to relate this differential form to a Thom form constructed by Mathai and

Quillen using Chern-Weil theory. Then, we show that by choosing a certain cohomology class associated to a totally real

number field F , its theta lift is the restriction to the diagonal of a Hilbert Eisenstein series of parallel weight 1. Moreover,

we show that its Fourier coefficients are intersection numbers. When F is quadratic field this allows us to recover a result

of Darmon, Pozzi and Vonk. In a second part, we are interested in the Eisenstein cohomology of a locally symmetric space

associated to SL2(K), where K is an imaginary quadratic number field. We give in some cases a lower bound in terms of

the special value of a Hecke L-function. On the other hand, work by Berger gives the same value as an upper bound, which

allows in some cases to obtain an equality.

KEYWORDS

Locally symmetric spaces, modular forms, cohomology, theta series, Eisenstein classes, Kudla-Millson theta lift
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