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Abstract

A general conjecture of Harder relates the denominator of the Eisenstein cohomology of certain
locally symmetric spaces to special values of L-functions. In this paper we consider the locally
symmetric space Yr = SLa(0)\H3 associated to SLy(K') where K is an imaginary quadratic field.
Berger proves a lower bound on the denominator of the Eisenstein cohomology in certain cases. In
this paper, we show how results of Ito and Sczech can be used to prove an upper bound on the
denominator in terms of a special value of L-function. When the class number of K is one, we
combine this result with Berger’s result to obtain the exact denominator.
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1 INTRODUCTION

Let K = Q(v/D) be an imaginary quadratic field with ring of integers &. If the class number of K
is larger than one, we suppose! that D =1 mod 8. Let Y = I'\Hjs where I' = SLy(&) and Hj is
the hyperbolic 3-space. It is a non-compact space and let Xt be its Borel-Serre compactification
with boundary 0Xt. The boundary has h = |Cl(K)| connected components, one at every cusp of
YT, where h is the class number of K.

The cohomology of Y1 (or more general arithmetic groups) can be studied through their cuspidal
and Eisenstein part; see [Har87; Sch94]. The inclusion Yr —— X7 is a homotopy equivalence, hence
H'(Yr; C) is isomorphic to H'(Xr;C). By restriction to the boundary we get a map

res: H'(Yr;C) — H'(0Xr;C), (1.1)

IThis is required to define the canonical period used in the normalization of the L-function.



AN UPPER BOUND ON THE DENOMINATOR OF EISENSTEIN CLASSES IN BIANCHI MANIFOLDS

whose kernel is the cuspidal (or interior) cohomology that we denote by H'(Yr;C). It can be
identified with the image of the compactly supported cohomology H}(Yr;C) inside H!(Yr;C).
The Eisenstein cohomology H. (Yr;C) is the image of H!(0Xp;C) by Harder’s Eisenstein map

Eis: H'(0Xr;C) — H'(Yr; C). (1.2)
It is a complement to the cuspidal cohomology, so that we have a splitting
H'(Yr3€) = H] (Vi3 ©) @ Hi, (V73 C). (13)

Let H = K(j(0)) be the Hilbert class field of K. Let x be an unramified Hecke character of
infinity type (—2,0) i.e. that satisfies x((a)) = a2 on principal ideals. Let F/H be a Galois
extension of H all the values of x and the h-th roots of unity. By the work of Harder [Har87], we
know that the Eisenstein map is rational, in the sense that it preserves the natural F-structures

Eis: H'(0Xr; F) — H'(Yp; F). (1.4)

It is natural to ask how the integral structures behave. Let ﬁl(Yp; OF) be the free part of the
homology with coefficients in the ring of integers O of F, and let H'(Yr; Or) be its dual with
respect to the natural pairing between homology and cohomology. It is the cohomology of differen-
tial 1-forms whose integral along any integral homology class is in OF. It is known that in general
the Eisenstein map is not integral, in the sense that the image of

Eis: H'(8Xp; Op) — H'(Yp; F) (1.5)

is not contained in H(Yy; @p). Hence we have have two integral structures on HE (Yr;C). The
first one is given by the integral Eisenstein classes

Lo = ﬁl(XF;ﬁF> ﬂHéiS(XF;(C) C H]}]is(XF;(C)- (16)
The second one is coming from the integral structure on the boundary. We denote by
Lgis = Eis(H (0Xr; OF)) (1.7)

the image of the integral cohomology by Eis. We call the denominator of the Eisenstein cohomology
the Op-ideal

Den(LEiS) = {)\ € ﬁF| Agis C Eo}, (1.8)

that relates these two natural integral structures. It was previously studied for Hilbert modular
varieties in [Mae93|, for the degree 2 cohomology on Bianchi manifolds in [Fel05] and in the special
case K = Q(i) in [K6n91|. See also [Harl8| for the latter case. Finally, in the case of Bianchi
manifolds, Berger [Ber08|] proves a lower bound on the denominator ideal in terms of an L-function.
The main result of this paper is to give an upper bound.

By composing the Hecke character x with the norm from H to K we get a Hecke character
X © Np/i of the same type on the Hilbert class field. Let L(x o Np/k, 0) be the associated Hecke
L-function at s = 0. Let L™ (yoNy /K> 0) be the normalization by a suitable and canonical complex
period to make it an algebraic integer.
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THEOREM. (Theorem 4.3) We have the upper bound (in the sense of divisibility) on the denom-
mator

1 .
ﬁLlnt(XONH/K,O)ﬁF C Den(ﬁEis). (19)

The theorem tells us that given a class Eis(w) in Lgis, we need to multiply it at most by the value
2_1D7%Lint(x oNpy/Kk,0) to make it integral.

We can then combine this result with Berger’s result to obtain an equality in certain cases.
Suppose that K = Q(v/D) has class number one and no non-trivial units. Then the Hilbert class
group is H = K. Furthermore, since the image of x will lie in K, we can take F' = K as well. Let
q be a prime ideal of &'. Let K be the completion at q with ring of integers &;. We fix a complex
embedding of K and consider cohomology with coefficients in ;. We define the lattice

Luisq = Bis(H' (9X1; 0y)) (1.10)
and the denominator at q

Den(ﬁEiSﬂ) = {)\ S ﬁq’ )\ﬁEiS,q C ﬁ]}jis(Xﬂ ﬁq)} . (1.11)

When K has class number one, the algebraic L-function is L¥5(x,0) = $G2(L¢) where

Go(D) =3 wz|1w|)‘ (1.12)

welL

A=0

and Ly = Q720 is a suitable normalization of the lattice & C K. The values of Go(Lg) are well
known and are integral away from 2, see Table 1. After comparing our setting to Berger’s setting
and combining both results we obtain the following.

COROLLARY. (Corollary 4.6) Let q be a prime ideal coprime to 2D and suppose that K has class
number one and no non-trivial units. Then the denominator at q of the Fisenstein cohomology is
exactly

Den(ﬁEi&q) = G2 (Lﬁ)ﬁq .

Remark 1.1. Berger’s result gives a lower bound on the denominator of the Eisenstein cohomology
L'Eis(SKf) of the adelic space Sk, associated to SLo(K). The space S K, has several connected
components, and one of them is Yp. Hence, since Y1 C Sk, we have Den(EEiS(SKf)) C Den(Lg;s).
Thus, in general we cannot combine Berger’s lower bound on Den(Lg;s(Sk ) with our upper bound
on Den(Lg;is). However, when the class number is one we have Sk ; = Yp, yielding the equality of
the corollary. In the case where the class number of K is greater than one, one would need to give a
lower bound on the denominator of the Eisenstein cohomology of the other connected components
of Sk,; see Remark 4.2.
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D -7 -=8|-11|—-19 | —43 | —67 | —167

Gy(Ly) 2 | 2 | 12 |2-19|22.181

N |—=
[

Table 1: The values of Go(Lg) for the seven imaginary
quadratic fields of class number one and having no
non-trivial units.

A few words on the proof of the theorem. Let y be an unramified Hecke character
of type (—2,0). For every ideal class a corresponding to a cusp of Y, we have a form w, , on
the corresponding boundary component. They are integral forms spanning the cohomology of
the boundary H'(0Xr;C). Their image by the Eisenstein map are forms E, . that span the h-
dimensional Eisenstein cohomology H]}:is (X71;C). These forms are not integral, they define classes
in Hi. (Xr; F) but not in ﬁéis(Xp; Or).

On the other hand, we have another basis Ex,a of the Eisenstein cohomology. These forms
appear in the work of Ito [Ito87]. A more general construction of these Eisenstein classes was done
by Bergeron-Charollois-Garcia in [BCG20; BCG23| using the Mathai-Quillen formalism.

For a fractional ideal a of K we define the Sczech cocycle ®,: I' — C by

Ga(a) — D(a,c,a) if c#0,
a

. (a b> _ )
“\e d (%) Ga(a) if ¢=0,

where G2(a) is an Eisenstein series and D(a, ¢, a) a Dedekind sum; see Section 2 for the definitions.
The form FE, 4 is related to the Sczech cocycle as follows

Yuo
Ba() = x(a) / Bya,

0

where wug is any point on Hj3 and v € I". This formula is proved by using the idea of [BCG23] to
move the path of integration [ug, yug] to infinity. More precisely, choose a cusp r of Yr and let
[7,7~r] be the modular symbol joining the two cusps 7 and 4~ 'r. There is a homotopy between
[ug, yug] and [r,y~1r]; see Figure 4. The integral along the modular symbol [r,y~!7] gives the
Dedekind sum, whereas the term I (%d) G2(a) is a contribution from the cusps. Note that this
formula already appears in the work of Ito [[to87, Theorem. 3|. A similar relation between Harder’s
Eisenstein cohomology for adelic spaces and Sczech’s cocycle appears in work of Weselmann, see
in particular [Wes88, Bemerkung. 2 on p. 116].

After a suitable normalization, the Sczech cocycle takes values in 0. Hence, contrary to the
forms E, q, the forms FE, , are integral and define classes in H Y(Xr; OF). The two bases Eyq
and EX,Q of the Eisenstein cohomology H'(Xr;C) are related by a matrix M, in Mat(F) whose
determinant is L(x o Nk, 0). This explains the appearance of the L-function in the denominator.
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2 EISENSTEIN SERIES, L-FUNCTIONS AND SCZECH’S COCYCLE

Let K = Q(\/E) be a quadratic imaginary field with no non-trivial units. Suppose that K has
class number one or that D =1 (mod 8). Let & be its ring of integers, that we view as a lattice
in C after fixing some embedding of K in C.

2.1 Canonical periods

When the class number of K is larger than one. We follow [Scz86, Section. 5, p. 103].
Let 7 = % so that 0 =Z + 77Z. Let

2nz71'7 (21)
be the Dedekind eta function and define
B 21277(27_)24 (2 2)
n(r)% '

It is a unit in the Hilbert class field H. Define the elliptic curve
E:y? =423 —azx—b (2.3)
where
a=12D(u—16), b= (2\/5)3 u(j — 1728), (2.4)

j is the j-invariant j(7) and the square root is chosen such that b is a positive real number. Then
a and b are in Op, the period lattice is Ly = Q00 where

. ™ )t (2.5)
(144|D|)7 1(27)*
and the discriminant of the elliptic curve is
A(Lg) = 12°D3u. (2.6)
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The Weierstrass equation is related to the period lattice Ly by a = g2(Lg) and b = g3(Lg), where
for any lattice L C C we define

71 11
g2(L) =60 5 os(L) = 140 —- (2.7)
w€eL welL

For any fractional ideal a of K let 0 = 0, = (a, H/K) be the Artin symbol. Let E; = E?* be
the elliptic curve given by the Weierstrass equation

Eo:y? =42 —a%z —1°, (2.8)

which is also defined over &y Since (€)% = j(a~!) we have that E, ~ C/L, where L, = Q(a)a™*
for some complex period Q(a) € C* that we fix. Hence gx(Lq) = gx(L)? is is in Oy for k = 2,3.
Let A(a) be the complex number

Aa) = —q (2.9)

so that Ly = Aa)a"!Lg. It has the following properties [Rob78, Appendix. D(e) and D(f) on
p. 371]

1. Ma) e H®,
2. Maa) = a(a),
3. A(ac) = A(c)A(a)% .

When the class number of K is one. Suppose that K = Q(v/D) has class number one
and has non-trivial units. This is the case for the seven values of D listed in the table below and
extracted from [Rob78, Tableau. B.1]. None of these values of D is congruent to 1 modulo 8, so we
cannot use the above construction of €. For each value of D consider the elliptic curve

E:y? =423 —azx—b (2.10)

where a and b are liste below in Table (2). Comparing the invariant j(E) = 17 28% with a list?
of j-invariants j(&) we find that they agree. Hence, the elliptic curve E has complex multiplication
by ¢ and E(C) ~ C/Ly where Ly = Q0 for some complex period 2 € C* that we fix.

D | -7 -8 —11 -19 —43 —67 —167

a|5-72-3-5|2%-3-11(2%-19|2%.5-43|23-5-11-67 | 2*-5-23-29-163

b | T 22.7 7-112 192 | 3.7-43%| 7-31-67* |7-11-19-127-1632

Table 2: The coefficients a and b for the seven imaginary quadratic fields of
class number one and having no non-trivial units.

2See for example [Cox89, p.261].
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2.2  Kronecker-FEisenstein series

Let L = Zw; + Zws be any lattice in C where w; and wg are complex numbers such that w; /ws has
positive imaginary part. We define

D(L) = I(w1@a) = 2i|ws|* Tm (““) . (2.11)
w2
where I(z) := z — z. The order of L is the order

O(L) = {\€C|\L =L} (2.12)

of €, and the lattice L is homothetic to an ideal in &¢(L). In particular, if L = a is a fractional
ideal then &'(a) = €. Consider the character

0() == exp (in 5(5:))) . (2.13)

For a non-negative integer k and a complex number s we define the Kronecker-Eisenstein series

q+w w"
Gls.k.pa, L) = Y O(wp) 7 B (2.14)
weL
which converges for Re(s) > 1 and the ' means that we remove w = —¢ from the summation if

g is in L. This is the series considered by Weil in [Wei76, section VIII|. The function admits a
meromorphic continuation to the whole plane with only possible poles at s =0 (if £ = 0 and ¢ is
in L) and at s = 1 (if k = 0 and p is in L); see [Wei76, section VIIL, p. 80]. Moreover, it satisfies
the functional equation

5(87k7p)q7 L) :0(])6)8(]— _87k7p7Q7 L) (215)
where
2im \ " ° k
E(s,k,p.q, L) = <D<L)> r <8 + 2) G(s,k,p,q,L). (2.16)

For a positive integer k& we set

Gr(z L) =G <§ k,O,z,L) -y e +w),}|z py (2.17)
wel =0
and
G2 L) = DQEZ)G(O,Q,O,,Z,L). (2.18)
They satisfy the following homogeneity properties
Grlaz,al) = a *Gy(z, L)
Glaz,al) = gG(z,L). (2.19)
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When z = 0 we set

G(L) = G(0, L),
Gi(L) == Gx(0, L). (2.20)

Let L, be the lattices of Section 2.1. The following result is well known and was first proved by
Damerell [Dam71]. See also [Rob78, Appendix D(c)].

PROPOSITION 2.1. The value 2v/ DGy(Lg) is an algebraic integer in O .

2.8 Sczech cocycle

Let L C C be a lattice such that (L) = €. For a and ¢ in €, and ¢ nonzero, we define the
Dedekind sum

D(a,c, L) Z e (7 L) Gl( ) (2.21)

TEL/CL

In [Scz84], Sczech shows that the map @7 : I' — C defined by
a b I(“ ) — D(a,c,L) if c¢#0,
o — .
c d (3) Gof if ¢=0

Remark 2.1. We will show in Theorem 3.11 that ®,(y) = x(a) fwo ,a for a certain closed form

uo

is a cocycle.

Ex,a in Q'(Yr). Since the form is closed, the integral is independent of the basepoint 1y and we

have
Yiv2u0
(I)a(’7172) :/ Ex,a
U

0

Y1iY2Uu0 Youo __
= / Eya / Eya
Y2u0 uo

Yiuo Y2uo
uo uo

= ®a(m1) + Pa(r2). (2.22)

This gives an alternative proof of the cocycle property of the Sczech cocycle .

Furthermore, Sczech proved that the cocycle is integral. The following is proved in [Scz84,
Satz. 4].

PROPOSITION 2.2 (Sczech). For any v in T, the value 2®1, () is an algebraic integer in O
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2.4 Hecke characters and L-functions

Let x be an unramified algebraic Hecke character of infinity type (k,j). Let F) be the finite
extension of H obtained by adjoining the image of x. So x is a character

x:Ix — F} CC* (2.23)
on the group Zx of fractional ideals of K such that on principal ideals () in K we have
x((@)) = oFal. (2.24)

Let F' be a Galois extension of H containing F, and the h-th roots of unity. If x and x are two
Hecke characters of the same type, then there is a character ¢ € CI(K) on the class group such

that x¥ = ¢x. Thus F is a field containing all the fields F) as x varies over all the Hecke characters
as above.

PROPOSITION 2.3. For any fractional ideal a and any Hecke character x of infinity type (—2,0),
the value x(a)\(a)? is a unit in OF.

Proof. For o € Gal(H/K) we have A(Lg)? = 129D3u” where u® € 0} is a unit. Hence

_AlLg) _w
(o) = W:)" = (2.25)

is a unit. When o = 0, then c¢(0q) = A(Lg)/A(Ly) . Since A(aLg) = a 2A(Lg), we have

Q- 12A(0) (0)

() AT Ma) 22—~ (2.26)

c(oq) = A(Lg)/A(Lq) = A )

Moreover, by [Sha87, p.49] or® [Lan78, Theorem. 5 p.165] we have

Ala™1)
A(O)

O = a20y. (2.27)

Combining the two gives A(a)'20y = a'20y, and by comparing the prime factorizations we get
)\(Cl)ﬁH = aﬁH. (2.28)

On the other hand, since a* = a@ for some a € K* and h is the class number, we have

x(a0)"0p = a=?"Or. By comparing the prime decomposition we then also get

x(a)OF = a 20p. (2.29)

Combining (2.28) and (2.29) we obtain
x(@\(a)?0r = OF. (2.30)
O

3Note that in [Lan78] the result is proved for a split prime ideal p. However, any class in C1(K) contains such an ideal
and equality (2.26) only depends on the ideal class of a.
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Let x be a Hecke character of infinity type (k, j). The Hecke L-function

Lix,s)= Y §((§))S (2.31)
0#£aC0

converges for Re(s) > 1 + %, admits a meromorphic continuation to the whole plane and a
functional equation.

Let {aj,...,an} be integral ideal representatives of the class group of K. Every integral ideal
a can be written a = (a)a; for some i € {1,...,h}, where (o) C a;'. Hence we can write the
L-function as

h .
i 1 k _
= x(as) G(s—;—],j—k,o,o;ai 1> (2.32)

where w(a;) = 219°M%| € {1,2} depends on the number of units in a;.

From now on, let x be of infinity type (—2,0). At s =0 we then have

h

L0 = Y X Gatar ). (23
i=1 !

Note that (2.33) does not depend on the choice of representatives. We define the algebraic L-
function

L*8(x,5) = Q7?L(x, s), (2.34)
where  is our the canonical period (2.5). We also define the integral L-function
L™ (y, s) == 4V DLY8(y, s). (2.35)

The normalizations are chosen such that we have the following result.

PROPOSITION 2.4. The value L¥8(x,0) is an algebraic number in F and nonzero. More pre-
cisely, the value L™ (x,0) is in OFp.

Proof. The integrality statement is due Damerell and follows from Proposition 2.1. By the homo-
geneity of G we have Ga(a; ') = Q(a;)?G2(Lg,) and hence

h
WDQ?L(x,0) = > x(a;) ()

=1

2 2

w(a; )

2V DGy (Ly,). (2.36)

10
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and all the terms are algebraic. Furthermore, by Proposition 2.3 we have that y(a;)A(a;)? is a unit
in Op. The integrality of L™(x,0) follows since 2v/DGo(Ly,) is in &g by Proposition 2.1, and
w(a;')=1or 2.

The character x has infinity type (—2,0). Hence the Hecke character x(a) N(a)? has type (0, 2),
and C(a) := x(a) N(a)? has type (2,0). Then we have

L(x,0) = L(x(a) N(a)%,2) = iL(C, 1), (2.37)

il

where the second equality is the functional equation; see [Gre85]. By arguing as in [Gre85] (in the
case n = 2), we have that L(C, 1) is nonzero. O

Composing with the norm, one gets a Hecke character on H

of infinity type (—2,0), where for any fractional ideal b of H

Ny()=Kn J[ o(b) (2.39)
o€Gal(H/K)

is the relative ideal norm. We can then also consider the L-function

L(xoNp,8)= Y W = JI ZLexs). (2.40)
0£bC Oy T
It follows from Proposition 2.4 that
L¥8(x 0 Ny, 0) := Q 2"L(x o Ny i, 0) (2.41)
is a nonzero algebraic number in F' and that
L™ (x 0 Npy/k,0) == 4" D3 L*(x 0 Ny ¢, 0) (2.42)

is an algebraic integer in Op.

Remark 2.2. Proposition 2.4 on the integrality of L™ (y,0) for a character of type (k,j) = (—2,0)
is due to Damerell [Dam71]. Other integrality results are also know for more general characters
of type (k,j) with k < 0 and j7 > 0 (so called critical type). We refer to [Ber09, Theorem. 3| for
a summary of p-integrality results due to Shimura, Coates-Wiles, Katz, Hida, Tilouine, de Shalit,
Rubin and others. More recently, Kings and Sprang show in [KS20] that for any pair of coprime
ideals in K we have

(1~ (@) (x(0) N(€) — LU(x,0) € O, [M}()] (2.43)

where

(—k — 1)IO*(2im)7

Lalg(X’ 0) = (Q\/)j

L(x,0) (2.44)

for a suitable choice of complex periods € and QY and dg is the discriminant of K.

11
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3 EISENSTEIN COHOMOLOGY

Let H3 be the hyperbolic 3-space
Hy ={u=z+jv|ze€C,ve Ry}, (3.1)

where ij = —ji and i = j2 = —1. For u = z + jv let w = Z — jv and |u| = uu = |z|> + v2. The
group SLy(C) acts transitively on Hs by

(au + b)(cu + d)

u— (au+b)(cu +d)~' = pr—TeR—

, (3.2)

and the stabilizer of j is SU(2). Hence the symmetric space SLy(C)/SU(2) is isomorphic to Hs.
For a fractional ideal b of K let

I'(b) == { (CCL Z) € SLy(K)

be the subgroup of SLo(K) preserving & @ b by right multiplication. Let I' :== I'(€') = SLy(€) and

a,de ﬁ,beb,ceb—l} (3.3)

YF = F\Hg,. (34)

This space is a non-compact 3-dimensional orbifold and can be compactified in several ways, one
of them is the Borel-Serre compactification.

3.1 Borel-Serre compactification

We describe the Borel-Serre compactification of Yr; see [BJ06] or [JM02] for more on compactifi-
cations of locally symmetric spaces. We define the space

H; :=Hsu || H. (3.5)
rePl(K)

where H, = P1(C) — {r}. We have a canonical map

H, — C
mx

Ty — ————— 3.6

(@) = (36)
where 7 = (m : n). Hence we can view the space Hj as adding a copy of C at every point ™ on the
boundary of Hs. The topology on Hj is defined as follows: let Ho, be the boundary component
at oo corresponding to 7 = (1 : 0). A sequence up = zp + jvp converges to (29 : 1) € Hoo if
limy,_so0 v = 00 and limy_ss 25 = 20. If ¥ maps oo to 7 then wuy, converges to (z : y) € H, if v~ lug
converges to Y 1(z : y) € Hoo. The action of I' extends to Hj by sending z € H, to vz € Hoyr,
where SLz(C) acts on P!(C) by

<CCL Z) (z:y) = (az + by : cx + dy). (3.7)

12
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We define Xr := I'\Hj. Let Cr := I'\P}(K) be the set of cusps of Yr. We can represent cusps by
fractional ideals in K since we have a bijection [Ber09, Theorem. 18]
Cr — CI(K)
c=T(m:n)— [a] (3.8)
where a. == (m) + (n) and CI(K) is the class group. We have a bijection
N H— | A
rePl(K) c=[r]eCr
(@:y) — (2 :y) (3.9)
where (x : y) € H,, the element v maps (1 : 0) to some [r] € Cr and T, is the unipotent radical of
the stabilizer {y € I' | yv¢ = ¢} of r in I'. The Borel-Serre compactification is
Xr=Yru || T\H, (3.10)
c=[r]eCr

and the boundary of the Borel-Serre compactification is

oxr= || TA\H. (3.11)
c=[r]eCr
Note that
1 0
e {( ) [seo}=0 o1z
hence

Fo\Hoo — C/O

Fo(z:1)— 24 0. (3.13)
Let r = (m:n) and M = (—yn ;f) in SLo(K) that maps r to co. We then have
MT,. M~ = (MTM ™). (3.14)
We define the fractional ideal ap; = (m) + (n), so that
-1 -1
Me <“M “M> (3.15)
ayr Qaps
and
MTM ™' =T(a;7); (3.16)

see for example [Gee88, p. 12]. In particular

MT,. M~ = (MTM ™Yy = { <(1) 11)) ‘ be a;}} .
Thus we have a map
TA\H, — (MTM 1o\ Hoo = C/ay}, (3.17)
where the first map is (2 : 1) — M (z : 1) and the second is (3.13).

13
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3.2 Equivariant homology and cohomology

Since Yt is not a manifold but rather an orbifold, we need to work with equivariant (co)homology.

Restriction of differential forms. At co the boundary component of Hj can be embedded
inside H3 as a horocycle by the map

by: Hoo = C — Hjs
z— 2+ ju. (3.18)

For a differential form w in QF(Hj3) we define the restriction map
ress: QF(Hs) — QF(Hoo)

W > reseo(w) = vli_}ngo W (3.19)

to be the restriction of w to the boundary component at the cusp co. Note that ¢, is O-equivariant

in the sense that for every v = <(1) l{) in 'y, we have

(é 11)) 1o(2) = 1oz +b). (3.20)

Hence it descends to a map ¢y : I'oo\Hoo — Y1, and so does the restriction map:
reses: QF(Yr) — QF(Doo\ Hoo).- (3.21)

The other boundary components H, can be embedded as horosphere at the other cusps. Let
M be a matrix in SLa(K) sending r to co. We define the embedding

o (2) =Mt ou, 0o M: H, — Hj. (3.22)

Its image is a horosphere, see figure 1. If NV is another matrix sending r to oo, then
M=(% "\ (3.23)
“\0 a7t ’

and 'y, = M-1o Ly/q2 © M. Hence the embedding depends on the choice of M, but taking the
limits gives a well-defined map

res,: QF(Hz) — QF(H,)

w > resy(w) == lim i}, ,w, (3.24)
V—00 ’
which also descends to the quotient
res,: QF(Yr) — QF(D,\H,.). (3.25)

Finally, note that for any matrix A in SLy(K) and any form w on Hjz we have

A*resar(w) = res,(A*w). (3.26)

14
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Figure 1: The embedding of H, by i, s a horosphere in Hs, tangent to the plane
v =0 at the cusp r. As v increases, the radius of the sphere decreases. Hence we
can see the boundary components as horospheres at infinity.

Cohomology. Following [Ste89, Section. 2| we define a k-form w on HJ to be a k-form wp on
Hs and a family k-forms w, on H, such that res,(wp) = w,. We denote by Qk(H§) the space of
such forms. Let

QF (H3; C) == QF(H3) ®g C (3.27)

be the differential forms valued in C. Let QF (H3; C)" be the complex of I'-invariant forms, consisting
of forms that satisfy y*wo = wp and Y*w, = w.-1,. Let H¥(Xp;C) = H*(Q*(H3; C)) be the
cohomology of this complex. Similarly we have
H*0X1;C)= @ HYQ*(H,;C)') ~ HHQ*(0XT;C)"). (3.28)
c=[r]eCr

o

It follows from (3.26) that the restriction map induces a map
res: H*(Yr;C) — H*(0Xr;C)
w — (resr(w))cz[r]. (329)

Relative cohomology. Let QF(Hj, 0Hj; C)' = QF(H3; C)F @ QF1(9H3; C)' be the complex
with the coboundary operator
§: QF(H3, 0H3; C)F — QFFL(HS, 0H3; C)F
(w,0) — (dw, " w — db). (3.30)
The cohomology H*(Xt,0Xr;C) of Xr relative to X is the cohomology associated to this
complex. We have an exact sequence

0 — QF1 (O ©)F —" QF(H, 0Hy; ©)F —— Q5O — 0 (331)

15
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where the first map is given by «a(6) = (0,0) and the second by (w,#) = w. This induces a long
exact sequence in cohomology

H*1(0Xp;C) —% s H*(Xp,0Xp;C) —> s H*(Xp;C)

K res
k

H*OXr;C) —2 & HM(Xp,0Xp:C) —2 H*1(Xp;C)

(3.32)
and the boundary map res is the restriction to the boundary.

Homology. For an abelian group A let C,(Hs; A) be the Z-module of singular n-chains valued
in A. The action of I' on H3 endows C,(Hs; A) with a I'-module structure and we define the
complex of coinvariant chains

Cr(Hs; A)p = Cn(Hs; A) /{0 — o), (3.33)

where we quotient by the submodule generated by all o — vo with o € C,,(Hs; A). Let H,(Yr; A)
be the homology of this complex. We define H,(Xp; A) similarly.

Let up € Hs be any basepoint and [ug,yug] be a path joining ug and ~yug for v € I'. The
boundary of [ug, yuo] is yug — ug hence it represents a class in Hy(Yr;C).

PROPOSITION 3.1. The map I' — Hy(Yr;Z) sending ~y to [ug,yuo] is a surjective morphism
and independent of ug.

Proof. If Yr were a manifold (for example if I' were some congruence subgroup of SLa(&)) we
could work with singular homology. Then the map would be the Hurewicz homomorphism, which
is surjective since Yr is path connected; see [HatO1l, Theorem. 2A.1|. In the case of equivariant
homology it works almost in the same way and we follow the proof of [Hat01].

We write [a,a] ~ [b,V] for two homologous paths joining points a,a’,b and b’ in Hz. We have
the following relations:

(1) la,a] ~0,

2)  la,b] + [b,c] ~ [a,c]
3)  la,b] ~ —[b,q]

(4)  [a,va] ~ [b,7Y],

() [a,b] ~ [ya,7b].

The first two ones are clear since [a,a] is the boundary of the constant 2-simplex C' = {a} and
[a, b] — [a, c] + [b, ] is the boundary of the simplex joining a, b and c. The third one follows from (1)
and (2). For (4) consider the two simplices C; and C5 as in Figure 2. The boundaries are given by

oCy = [ya,vb] — [a,vb] + [a,va]
0Cy = [b,~vb] — [a,~b] + [a, b] (3.34)

16
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so that
9(Cy — Cy) = [a,va] — [b;vb] + [ya,vb] — [a,b] = |a,~ya] — [b,~b] (3.35)

where [ya, yb] —[a, b] = 0 since we are in the complex of coinvariants. For (5), consider the simplices

v =74 v = b

Ch

Cs

Vo = a v = b
Figure 2: The equivalence |a,~ya] ~ [b,~b].

C1 and Cy as in Figure 3. The boundaries are given by

0C, = [ba ’Ya] - [rybv 'ya] + [/yb’ b}
0Cy = [b,va] — [a,~ya] + [a, b] (3.36)

so that
9(C1 — C2) = [ya,vb] — [b,7b] + [a,va] — [a, ] = [ya,vb] — [a, b] (3.37)

Let us now prove the statement of the proposition. The fact that it is independent of the basepoint
follows from (4), and the fact that it is a homorphism follows from (2) and (4) since

[ug, Y1uo] + [wo, Y2uo) ~ [y2uo, Y172u0) + [U0, Y2u0] ~ [uo, Y172u0]- (3.38)

For the surjectivity, suppose we have a class represented by a cycle
m
o= nilai,bi] € C1(Hs)r. (3.39)
i=1

After relabeling the paths we can suppose that n; = 1, and using (3) we can even suppose that
n; = 1. Since the boundary is

do =Y (b —a;) =0, (3.40)

i

we necessarily have that every b; is equal to 7;;a; for a unique a; and some v;; € I'. We can see it
as a permutation on the set {1,...,m}, where we send i to j if a; is I-equivalent to b;.

17



AN UPPER BOUND ON THE DENOMINATOR OF EISENSTEIN CLASSES IN BIANCHI MANIFOLDS

vy =25 vg = b

Vo = a Vg = 7Ya

Figure 3: The equivalence |a,b] ~ [ya,~b].

First suppose that the corresponding permutation is the identity i.e b; = ;a; for every ¢ . Then
using (4) and the fact that the map is a morphism we get

m m

o= lai,viai) ~ Y _[uo, vitio] ~ [0, V1 -+ - Ymio]. (3.41)
i=1 i=1

Now suppose that the permutation contains some cycle of order n, which means that o contains
a cycle

o' = la1, yan) + [ag, y101] + [ag, yeas] + - - - + [an, Yn—1an-1]. (3.42)
Using (5) and (2) we can sum the first two terms
[a1, Ynan] + [az, y1a1] ~ [y101, iYnan] + [az, v101] ~ [az, Y1ynan]. (3.43)
By induction we then get o’ ~ [an, Yn—17n—2 - * Y17nan], S0 that we are reduced to the first case. [
Integral structure on the cohomology. Let R C C be a torsion free &-submodule. We
will later take R = &r. We have a pairing
< , >: H,(Yr;C) ® H' (Yp;C) — C

([o], [w]) — /w (3.44)

where w € Q! (Hs; C)'' and o € C;(H3)r; see [Fel05, Satz. 3]. Note that R @z C = C, so that we
have a map

Hy(Yr;R) — Hi(Yr;R) ®r C = H1(Y1; C). (3.45)

Let H; (Yr; R) be the image of this map. The kernel is the torsion part of Hy(Yr;R), so that we can
identify Hp(Yr; R) with the free part of Hi(Yr;R). We use the pairing to define the cohomology
groups

H'(Yr;R) == {[w] € Hl(Yp;(C)‘ (W, [o]) € R for all [o] € f{rl(Yp;R)} . (3.46)

18
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Since R is torsion-free, we can identify H1(Yr;R) with H(Yr;Z) ®z R. Hence, by Proposition 3.1
a class [w] is in H'(Yp;R) if and only if

yuo
/ weR (3.47)

0

for all v € T.

Remark 3.1. The R-module fIl(Yp; R) is the torsion free part of the sheaf cohomology H'(Yr;R),
that we identify with the image

Im (H'(Yr; R) — H'(Yr; C)). (3.48)

3.8  Cohomology of the boundary
Recall that for any matrix M in SLo(K) sending  to oo we had a map (3.17)

onr: T\Hy — CJayf,
Ip(z:1)— Mz

where ap; = (m) + (n). Note that if ¢ = [r], then [a)/] = [a.] in the bijection (3.8) between Cr and
CI(K).
LEMMA 3.2. Let x be an unramified Hecke character of infinity type (—2,0). The forms

wyr = X(anr) T Py pdz

Wy,r = X(C‘M)_lqﬁ\/[,rdz

lie in ﬁ[l(Fr\Hr, OF) and do not depend on the choice of M. Furthermore, we have y*wy , =
Wy =1 and Y WOy r = Wy A1,

Proof. We prove the statements for w, ., they are similar for @, ,. Since a;f is the period lattice
of the elliptic curve C/ aX/[Q, we have
/ dz € a;/f
.

for any v € H,(C/ a;f, 7). After tensoring with 0F and recalling from the proof of Proposition 2.3
that x(ay)OF = a;}ﬁp, we get that

/X(aM)ldz € x(am) tayfOr C Op. (3.49)
y

It follows that

x(a)tdz € HY(C/ay2, OF). (3.50)
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Hence the pullback w, , is also integral. Now suppose that IV is another matrix in SLp(K) sending

r to co. Then M = PN where P = (a b

0 a1>' We have ay = a~'ay; and the following diagram
commutes

DA\Hy —5 C/a3
@m l (3.51)
C/a%ayf,
where the vertical map sends z to Nz = a?z + ab. Hence N*dz = a*dz and
X(a]_\f)(b}kvfdz = a_zx(a]_\/f)ﬁMmN*dz = X(a;f)¢7\47rdz. (3.52)

Finally, let v be in I'. We have seen that the form does not depend on the choice of M, so we can
take M+ to be the matrix in SLy(K) sending v~ 17 to co. We have apy-1 = apr and the following
diagram commutes

TAH, —M7 CJay?
l i (3.53)
Prrv
valr\'valr ﬂ) (C/aMQ.
Thus

Wy y—1r = X(aM’Y)_1¢7\/['y,rdZ - X(aM)_17*¢}k\4,rdZ = Wx,r- (354)

The complex conjugation on C induces an involution on Hjs
L: H3 — Hg
Z 4 jv— Z + ju. (3.55)

It extends canonically to dHjs by sending z € H, to z € Hz. Consider the involution /() = ¥ on
I". One can check that

vory(w) = I() o u(u). (3.56)

Hence, the involution ¢ descends to an involution on Xt and restricts to an involution on 9Xr.
The pullback of differential forms by these involutions induce compatible involutions on H*!(Xp;C)
and H'(0Xt;C). At the level of the boundary forms we have

VW, = Dy (3.57)

Let HY(0Xr;C)~ be the (—1)-eigenspace of this involution.

PROPOSITION 3.3. We have
1
dim Im(res) = 3 dim¢ H'(0X1;C) = h.

More precisely, the map
HY(Xt,C) — HY(0XT,C)™

1S surjective.
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Proof. The result follows from a theorem of Serre. We refer to [Ber09, Proposition. 24, Corollary. 26|
for a proof. However, let us prove the statement about the dimension. Let

o HY (0X7;C) — H*(X1,0X1;C) (3.58)

be the map from the long exact sequence, so that ker(a*) = Im(res). By Poincaré duality, we have

HY(0Xr;C)Y ~ HY(0XT;C) (3.59)
and
H?*(Xr,0Xr;C) ~ H}(Yr; C) ~ H' (Y1 C)” (3.60)
so that we can see a* as a map
ot HY(0X;C)Y — HY(Yp; C)Y (3.61)

Since for § € Q1(0Xr) and w € H'(Xr,0Xr) we have

/X F a(f) Aw = /a O res(w), (3.62)

it follows that o* = res" is adjoint to res. Moreover, the space Im(res) is an isotropic subspace
since

Im(res) = ker(a*) = ker(res”) = Im(res)". (3.63)
Thus, it must be of half the dimension of the total space. O

3.4  FEisenstein map
In (3.29) we defined a restriction map
res: H'(Yp; C) — HY(0Xr;C). (3.64)

The kernel is the interior cohomology H{ (Yr;C) and can be identified with the image of the
compactly supported cohomology inside H'(Yr;C). We will define an Eisenstein map

Eis: H'(0Xp;C) — H(Yy;C) (3.65)

whose image will be the Eisenstein cohomology H,. (Yr;C).

Remark 3.2. As it will follow from Proposition 3.9, the map Eis is not a section of res, i.e. we do
not have reso Eis = 1.

We begin by defining a map

Eis: H'(T'oo\Hoo; C) — H'(Yp; C) (3.66)
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at the cusp co. We have a I'-equivariant map

Doo: Hz — Hoo,
z24ju— (z: 1), (3.67)

that we can use to pull back a form ws, in Q' (Heo ) to a form

PhoWoo € QY (H) e, (3.68)
To obtain a form on Y1 we define
Bis(wso) = Y 7'p'w € Q' (Ha)". (3.69)
YEL\I

Similarly, at the other cusps r we can define the I'.-equivariant map
pp: H, — H, (3.70)

to be the composition p, = M~ 0 po, 0 M:

Pr

Hs >y H
lM M—lT (3.71)
Hy 22 Ho,

where M is a matrix in SLo(K) sending r to co as earlier. Note that p, does not depend on the

choice of M since
-1
a b a b
<0 CL1> O Pco © <0 a1> = Poo- (372)

For a form w, in Q'(H,)'" we define

Eis(w,) = > 7 piw, € Q'(Hs)", (3.73)
~el \I'

However, the sums (3.69) and (3.73) are not convergent, and need to be regularized.

3.5 Regularization of the Fisenstein series

Since wy, and Wy, = t*wy 7 span the space of forms on I';\’H,, it is enough to regularize
E, . = Eis(w,,) € Q' (H3)", (3.74)
where ¢ = [r] is a cusp. Note that the left hand side only depends on ¢ since for v in I" we have
Eis(wy 4-1,) = Eis(v wy,r) = Eis(wyr). (3.75)

In particular, we will frequently denote this form by E, , where a is in the ideal class of a.,
corresponding to the cusp c.
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Let 7 = (m : n) be represented by coprime integers and let M in SLy(K) be the matrix as
earlier, sending r to co. We have:

Ey.=x(ay)™? Z Y M*dz
~el,\I'

= x(an)™" > vz

~€(MT, M~1)\MT

=x(a)™" ) a'de (3.76)
~ET (a3 )\MT
Since [aps] = [ac], we have
Eva=x(@ ' Y  a'da (3.77)

~el(a=2)\MT

LEMMA 3.4. The map

F(a]T/IQ)OO\MF — {(c,d) € apr x apr| (¢) + (d) = apr}
o= <‘C‘ 2) — (e,d) = (0, 1)a (3.78)

s a bijection.

Proof. First we have a bijection

(£To)\I' — (1,0)T

= (Z‘ Z) — (e,d) = (0,1)7. (3.79)

After moving the orbit by M = ( yn ;rf) this becomes a bijection

(+T(a7?) o) \MT — (0,1)MT = (—n,m)T
o= (Z Z) — (0, )a = (¢, d) (3.80)
where « is in MT. Moreover, the orbit (—n : m)I" is in bijection with the set

{(c,d) € anr x ay] (¢) + (d) = aps} /6 (3.81)

where 0% = {+1} acts diagonally on ap; x aps. First, for v € T' we have (¢,d) = (—n,m)y €
ays x aps. Furthermore, since the rows of 4 are coprime we have (¢) 4+ (d) = (n) + (m) = ap.
Conversely, suppose that we have a pair (¢,d) € apr x aps such that (¢) + (d) = ap. Hence
(c)ay + (d)ay} = € and we can find (b,a) € a,} x a,; such that bc — ad = 1. We then have a

matrix
a b)Y _ (o ay
(9 (5 ) st .
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Then
_1f{a b ay ay\ (ay anf
M ¢ d € 1 NSLy(K) =T, (3.83)

ar, Oy ay  aup

and we can write

(e,d) = (0,1) (Z Z>:(0,1)M (Ml (‘Z Z))
— (—n,m) <M—1 (‘C‘ Z)) € (—n,m)T. (3.84)

Composing the two bijections we then have

(:I:F(a;f)oo)\MF — {(c,d) € apy x apr| (¢) + (d) = apr} /ﬁx
N = (z Z) — (c,d). (3.85)

The lemma follows from the observation that the action of &1 on the left hand side correspond to
the action of &* on the right hand side. O

For uw = z + jv € Hs let z(u) = 2, Z(u) = z and v(u) = v be the coordinate functions. Let

a € SLo(C) and
n(u,c,d) = a*(dz) (3.86)

a b

where a = <c d>’ It follows from (3.56) that

n(u,e,d) = *I(a)*(dz) = a*(1*dz) = a*(dz). (3.87)

The following calculations will indeed show that n and 77 depend only on ¢ and d. We have

(az +b)(cz + d) + acv?

= 3.88
2(ow) lez+d]? + |ev]2 7 (3:88)
and
v(ou) = ’ (3.89)
ez +d|? + |ev|? )
We view dz as the differential of the coordinate map z(u), hence
n(u,c,d) =n(u,c,d),dz + n(u, c,d)zdz + n(u, c,d),dv (3.90)
where
—\2
0z(ou cz+d
77(”, &) d)Z - ( ) = ( ) 29
0z (|lez + d|? + |cv|?)
0z(au) —(ev)?
u,c,d)z = — = , 3.91
il ) 0z (lez + dJ? + |cv]2)? (3.91)
0z(au cz+d)cv
0, e, d)y = (au) _ ( : ) -
v (lez +dJ? + |cv|?)
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If J((c,d),u) is the Jacobian

Oz(ou) Oz(ow) Oz(ow)
0z 0z ov
_ | 9z(au 0zZ(au 0Z(au
J(oyu) = | 2low)  ow)  Ozlom) | (3.92)
ov(au) Ov(au) Ov(au)
0z 0z v
then
dz
n(u,c,d) =(1,0,0)J(a,u) | dZ | . (3.93)
dv
It follows from the previous lemma
Exa=x(@) ' Y nucd). (3.94)

(c,d)eaxa
() +(d)=an

This sum does not converge, and in order to regularize it we define for a complex number s:

n(u,c,d,s) = a* (v3dz)

dz
= (1,0,0)J (e, w)v(au)® | dZ | . (3.95)
dv
More precisely we have
n(u,c,d, s) =n(u,c,d,s).dz +n(u,c,d, s)zdz + n(u, c,d, s),dv (3.96)
with
—2
+d
n(u,c,d,s), =v° (cz+d) 278
(lez + d|? + |cv|?)
—(cv)?
u,c,d,s)s = v° , 3.97
! ) (lez + d|? + |ev]2)*T* (3:97)
P
n(u, c,d, s), = 20° (cz 4 d)e s
(|lez + d|? + |cv|2)""®
For an ideal a and an unramified Hecke character x of infinity type (—2,0) we define
By a(u, 8) = x(a) "' N(a)* Z n(u,c,d,s). (3.98)
(c,d)€axa
(e)+(d)=a
Let us also define the forms
Eya(u,s) = x(&) ' N@)® > n(u,c,d,s), (3.99)
(e, d)€axa
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that appear in [[to87; BCG23|. Note that here we sum over a x a instead of the subset with
(¢)+ (d) = a as is (3.98). We have

By a(tt,s) = Eya.(u, 8)dz + By gz(u, 8)dZ + By q.0(u, s)dv (3.100)
where
Ex,a,z(u, s) = x(a) "' N(a)® Z n(u,c,d,s),, (3.101)
(c,d)€axa

and similarly for E\Xﬂ,g(u, s) and Ex,aﬂ,(u, s). By (3.93) we have

(Ex,a,z(ws),Ex,a,z(u,s),Ex,a,v(u,s))= X(@ 'N@?® > (1,0,00](a, wv(aw)’.  (3.102)

(c,d)€axa

Since n(u, ke, kd, s) = Kk~ 2|k| 72 (u, ¢, d, s) and x((k)) "I N(k)* = k%|k|*, the forms E, 4(u,s) and
E, a(u, s) do not depend on the choice of the representative a of the class [a].

PROPOSITION 3.5. We have

~ h x(a;a™t) 1
Eya(u,s) = z; e Ta) N(aia—l)SG(l +5,2,0,0;0a; " a) Ey g (u, 3).

Proof. First we have

X(a) (c,d)€axa
x(c) N(ac)® 3
= Z n(u, c,d, s). (3.103)
0#4cCO N(C)S X(ac) (e,d)€axa
(e)+(d)=ac

Note that if (¢,d) € a x a with (¢) + (d) = ac, then (¢, d) € ac x ac. Hence

Ex,a(ua S) = Z 1\?{((;))5 Ex,ca(ua S)‘ (3.104)
0#cCO

We write ca = a;(a) for some representative a; of the class group. Then Ey ¢q(u,s) = Ey q,(u, s)
and we get

~ a1
Byal(u,s) =) 1_1 X(a:a ) > #Ex,ai(u,s). (3.105)

i=1
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PROPOSITION 3.6. The series Exﬂ(u, s) and Ey q(u,s) converge for Re(s) > 0 and admit an

analytic continuation to the whole plane. Moreover, at s = 0, the forms Exva(u) = E’X,a(u, s)
S=

and Ey o(u) = Ey q(u, 5)|s:0 at s =0 are closed and are related by

B (u):zh:X(“"“_l)G (071 0) B,y o (1)
e i=1 (a'_la) 2 R

Proof. The analytic continuation of Ex,a(u, s) can be done by Poisson summation, see for exam-
ple [BCG23, page. 18]. The fact that the forms E, 4(u,s) are closed is the content of [BCG23,

Proposition. 3.3]. The same results holds for E, o by the previous proposition. ]
The Eisenstein operator. It follows from (3.56) and (3.57) that
Eis(wy,r) = Eis(t*wy ) = " Eis(wy 7) = (" Ey ¢, (3.106)

where ¢ is the involution induced by complex conjugation. The cohomology H(T',\H,;C) is
spanned by w, , and @, . Hence if €, = aw, , + B, , we have

Eis(e;) = aFEy . + U E, .. (3.107)
Since H'(0Xt;C) = De—piecr HY(T,\H,;C), we have a map
Eis: H(0Xr;C) — H'(Yp;C)

ST At > A(aBye+ BBy ). (3.108)
c=[r]eCp c=[r]eCr

This the map (1.2) in the introduction.

3.6 Fourier expansions and constant terms

At the cusp oco. By Ito’s computation [[to87, p. 152], we have the following Fourier expansions
of the Eisenstein series:

By (u,5) =x(a) "' N(a)*0*G(1 + 5,2,0,0; a)

2i(2m)+2 dlF !
~ Da(s 1)’ Y = Kea(dnledv)e(edz) (3.109)
(c,d)€axaV
cd#0
and
= a)~! N(a)*2ir
Eyaz(u,s) =— x(@) D(CE)) G(s,2,0,0;a)
2i(2m)s+2 |t
-V Z |- K1 (4m|cd|v)e(cdz), (3.110)
D(Q)F(S + 2) (c,d)eaxaY
cd#0
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where K, (t) is the K-Bessel function, e(z) = exp(2im(z + 2)), and LY C C is the lattice dual to a
lattice L. In particular at s = 0 the constant term of E, q.(u) is x(a) 'G2(a). By the functional
equation (2.15), we find that the constant term of F, 4 z(u) is

—x(a)"'G(a) = —x(a)"'Ga(a). (3.111)

At other cusps. Let M be a matrix in SLy(K) such that Mr = oo, as before. In this section
let NV denote the inverse of M. Hence

—1
N=M"'= <m x) S (aM “&41) (3.112)
where ayr = (m) 4 (n). Since
R R R R dz
Eyo(u) = (Eyaz(u), Eyaz(u), Eyao(u) | dZ |, (3.113)
dv
we have
R R R R dz
(N*Ey o(u) = (Eya:(Nu), Eyqz(Nu), Ey q0(Nu))J(N,u) | dZ |, (3.114)
dv

where J(N,u) is the Jacobian as in (3.92). We have

(Ex,a,z(NU)a Ex,a,E(Nu), Ex,a,v(Nu)) = X(a)_l Z (1,0,0)J(a, Nu), (3.115)
acaxa
where av = <Z 2) Since J(a, Nu)J(N,u) = J(aN,u), we have
R dz
N*Eyo(u) =x(@™" > (1,0,00J(aN,u) | dz | . (3.116)
(c,d)€axa dv

Let us define

(EM(u, 5), BY (u,5), BN (u, 5)) = x(0) IN(@)* > (1,0,0)J(aN,u)v(aNu)®,  (3.117)

z

(e,d)€axa
so that at s =0
R R R N dz
N*Eya(u) = (B (), B (u), BN (w) | dz | - (3.118)
dv

Since these series only appear in this section, we drop the indices x and a to simplify the notation.
For p in aaj; we define L,, C C be the set of complex numbers ¢ = cz + dy where (¢,d) € a x a and
cm + dn = p. By [Ito87, p. 162| there is a complex number w(p) such that L, = w(p) + aa]\}l.
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LEMMA 3.7. For p =0 we have Ly = aaﬁ.

Proof. Let q € Lg. We can write ¢ = cx + dy where (¢,d) € a x a and em + dn = 0. Then

ng = ncx + ndy = ncx + y(—em) = —c(my — nx) = —c € a,
mq = mcx +mdy = (—dn)x +mdy = d € a. (3.119)

Hence Lo C a(n)~! Na(m)~!. Conversely, suppose that ¢ € a(n)~! Na(m)~!. Then we can write
nqg = ¢ and mq = d for some (c,d) € a x a. Then q € Ly since ¢ = (xn — my)q = cx — dy. Hence
we have proved that Lo = a(n)~' Na(m)~!. In particular, we have ay; C (n)~! and a;;} C (m)~!
since n € apr and m € ayy . It follows that aay} C a(n)™' Na(m)~! = Ly. On the other hand, we

have that any ¢ = cx + dy € Ly is in aa;} since (z,y) € aJT/Il X a]T/[l. O

Hence we have

(BN (u, 5), BY (u, 5), BN (u, 5)) =x(a) ' N(@)* > 3 (1,0,0)J (@, u)v(@u)®,

peaars qe€Lyp

= x(a) ' N(@)* > > n(u,p,q;5) (3.120)

peaanrs qeLyp

~ x ok ) )
where a = aN = <p q>' In particular, the z-component is

—\2
N ) -
EM(u,5) = x(a) ' N(@)*s* Y > (pz (3.121)
peaans qeLp (|pZ + Q|2 + |pv‘2)2+8

where p and ¢ are not both zero. The constant term is coming from the terms where p =0

(@) NG S

P =~ x(@) P N(a)*v*G(1 + s,2,0,0; aay} ), (3.122)
q€Lo

since by Lemma 3.7 we have Ly = aa},;. Hence at s = 0 the constant term is x(a)~*Ga(aay;). As
in [Ito87, p. 162] we find that the constant term of the Z-component at s = 0 is

x(a) 7! N(a)®2in _ B _X(a)_lD(aaM)
_ D(aa]T/[l) G(s,2,0,0;aaps) SZO— —D(aa]@l) G(aapy)

= —x(a) "' N(ap)?Ga(aans). (3.123)

The last equality follows from the following lemma.

LEMMA 3.8. For a fractional ideal b we have D(b) = —v/D N(b).

Proof. Recall that if L = wiZ 4 woZ with Im(w; /ws) > 0 then

w1 w2
wr w2

D(L) = wiwp — Wiwp =
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Let b = (a + b7)Z + (¢ + d7)Z a basis of b such that

- (a—i—bT) _ (ad — be)\/]1D| 0,

c+dr 2|c + dr]
and where 7 = %. Then
a+br c+dr
P T e o Y B ad - be).
a+br cHdr c djjr 7T

Since the determinant ad — bc is positive, we have
ad — bc = |ad — be| = N(b).

O]

PROPOSITION 3.9. The restriction of the Fisenstein forms Ex,u to the boundary components
are

res, (Ey.a) = x(aca™h) (Ga(aa; Hwyr — Go(ad; Dy,

where ¢ = [r] € Cr. For the Eisenstein series Ey q, the restriction is
resr(Ex,a) = 5a,acwx,r - 5a,ﬁca’x,r7

where Oy 15 defined by

5w:{1 if [ = [o]

’ 0 otherwise.

In particular, the restriction of E\ o to the boundary is integral.

Proof. Let M be any matrix in SLo(K) sending 7 to oo, and N = M~!. By (3.26) we have

~

res,(Ey,q) = M* resoo(N*EXJ). (3.124)

where ress (w) = lim, o0 thw. After pulling back N*E’X’a(u) by the map ¢,(2) = z + jv we get

VN*E, o(u) = BN (u)dz + BXY) (u)dz. (3.125)
The limit of EﬁN) (u) as v goes to oo is the constant term in the Fourier expansion. Hence, we have
Jim. EMN)(u) = x(a) 1 Ga(aaz}). (3.126)
Similarly
lim BN (1) = —x(a) " N(an)2Ga(aans). (3.127)
v—00
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Since for any fractional ¢ ideal we have ¢ = N(¢)c~!, by the homogeneity of Go we get

lim B8 (u) = —x(a) ' Galaay/). (3.128)
and
resse N*Ey o = x(a) 7! (Ga(aay))dz — Go(aay})dz) . (3.129)
After pulling back by M, and using that [ap/] = [a.] we get
res, By o = x(aca™h) (Ga(aa; Hwy s — Golaag iy, - (3.130)

Note that the right hand side of (3.130) does not depend on the ideal representatives a..

Let res,(Eyq) = a(a)wy, + B(a)wy,, be the restriction of E, 4 to the boundary component
r. Since the restriction map is linear, it follows from Lemma 3.5 that

resr( Z X (cz_la)) Ga(a; a) res, (Ey ;)

= (2 MG (a7 'a) (az)) wy,r + ( 3 ><(‘2:))G2(ai—la)5(ai)> WOy re (3.131)

Comparing with (3.130) we see that

N R [a;] = [ac]
ala;) = {0 otherwise (8.132)
and
N if  [a;] = [ac]
Blay) = {0 otherwise. (3133)
Thus a(a) = dq 4, and S(a) = —dag.- O

Remark 3.3. We will not discuss this further in the rest of the paper, but let us mention that
the fact that the Kisenstein classes have an integral restriction to the boundary is an important
property to find congruences. See [Ber09| for more on the relation between the denominator ideal,
congruences and the Selmer group.

PROPOSITION 3.10. The forms {Ey a}aecir) span the Eisenstein cohomology HL (Yr;C).

Proof. Let V' be the subspace of the Eisenstein cohomology spanned by the forms E, .. We
know that the Eisenstein cohomology is h-dimensional, so dim(V) < h. A class in H(0Xr;C) is
represented by a collection of forms a,wy , + B,@y,» With a,, 3, two complex numbers such that
oy = a, and By, = B,. By Proposition 3.3, the image of the restriction is the —1 eigenspace by

the involution ¢. Hence if the class lies in Im(res), then we have in addition 5, = —az, by (3.57).
It follows that the space Im(res) is spanned by the forms w, , — @, 7. By the previous proposition,
we have

res(Ey.a.) = wyr — Oy, (3.134)
Hence the restriction map res: V' — Im(res) is surjective and dim(V') = h. O
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3.7 Relation to the Sczech cocycle
The forms Ex,u in Q! (Yr; C) define a cocycle in H(T'; C) by
Yuo

Eya(y) = / Eya. (3.135)

0

Since the form is closed, the integral does not depend on the path from wg to yug. The following
result shows that this cocycle is Sczech’s cocycle.

THEOREM 3.11. We have
— la b » I(%t4) Go(a) — D(a,c,a) if c#0,
EXvu c d :X<Cl)
I(%)Ga(a) if ¢=0

In particular, we have X(a)EX,a('y) = ®q(7).

Proof. Let

1. Suppose that ¢ # 0. For a real number ¢ > 0 consider the closed path P.(7) in Hs pictured in
Figure 4. Let us denote by [u;, u;] the oriented segment from u; to u;. Since the path and the form
are closed, by Stoke’s theorem we have

/ Eya=0 (3.136)
Pe(7)

for every € > 0, and we will take the limit ¢ — oo. The path P(7) can be translated by I' to the
path P.() in Figure 5. Since the form is I-invariant, we have

/~ Eya= / Eyq=0. (3.137)
Pe(’Y) PE('Y)

Moreover, since the two integrals along [u1, us] and [ug, u1] cancel, it follows from Figure 5 that

Yuo Yug u uz
0:/ Ey.o+ Eya+ E ,u+/ Eya
U u

0 Yu3 Yug
Yuo Yug uz

_ / Boat [ Boat / By (3.138)
uo yus Yuq

Note that the endpoints ug, u4, yus and yu4 depend on €, and that the equality above holds for any
€ > 0. Taking the limit we get

uo Yua us
/ Eyq=— lim / Eyq— lim / Eya (3.139)
u ¥ ¥

€—00 €—00
0 u3 Ug

We will compute these two integrals separately.
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Uy

Us =y U2

' Uo

Figure 4: The path P.(y) when ¢ # 0. The blue azis is the v-azis of u = z+ jv,
whereas the green (resp. red) awxis is the x-axis ( resp y-axis). We start with
the geodesic segment joining ug to u; = yug. We then consider the geodesic
segment from uy = z(v1) + ju(uy) to ug = z(v1) + jev(uy) for some € > 0,
along the wvertical geodesic line through uy. We denote by Hoo couy) the blue
horosphere parallel to the xy-axis and containing uy. We consider the cusp
v loo = —4. The red horosphere tangent to v ™00 is ¥ Hos cv(uy)- The points
us and uy are the intersection points between the vertical geodesics and the
two horospheres. Note that v[us,ug] = —[uy, us).

e We begin with the integrals inside the blue horosphere at the cusp co. By definition of the
restriction E&?g) of E\ q to the boundary at oo, we have

us ~ e
lim [ Eyo= / B (3.140)
Yu4 z

E—00
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Yus;

y

Figure 5: The path P.(v) is D-equivalent to the path P.(v) in Figure 4. Note
that y[us, ug] = —[uy,us]. Hence we can translate [us,up] by v and get twice
the same geodesic segment between wy and uy with opposite orientations.
Then, we translate by v the geodesic between oo and vy ‘oo containing us
and uy to the geodesic between yoo and oo. The segment [uz, uy] is translated
to [yus,yus). The segment [uy, us| contained in the red horosphere tangent to
v~ Yoo is sent to the segment [yuy, us] contained in the blue horosphere con-
taining uy and us.

where z is the image in the horosphere Ho, ~ C at oo of the segment [yuy,us]. Moreover, by
Proposition 3.9 the restriction at the cusp ¢ = oo is

ELY = x(a )Ga(a)(dz — dz). (3.141)

a 1

Let us parametrise the segment z more precisely. We have yoo = £ and 7y~ oo = —%. Hence we

have yus = & + ev(u1) and uz = —g + ev(up). Hence, inside the horosphere, the cycle z is the
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segment z(t) = % — t%d with 0 <t < 1. Thus, the integral is

/ B = x(a)™! / ' (Gala)(t) — Gala)z(t)) dt
z 0

= —x(a)™! (Gg(a)al_d - GQ(Q)<a—|C—d>>

= —x(a) " Ga(a)] (a + d) . (3.142)

C

e Let us now compute the integral along [yus, yuy|. The path [yus, yus] in Figure 5 is parametrized
by u(t) = ¢+t with d(e) < t < ev(u1), where d(¢) = v(yus) is the diameter of the green horosphere

tangent at yoo. Using (3.89), one can see that d(e) = m In particular, we have d(e) — 0 as
€. We can compute the integral
Yug ()
/ E, o(u, s) :/ Ey av(u,s)
s 1
7 lelZev(ur)
ev(uy) (m) tlts

=2x(a) 'N(@)®* Y

2+
(m,n)EaXa \c|2e7j(u1) (|m + n|2 + |m‘2t2) ’
B . (m* + n) m ev(u) $1+s
=2x(0) ' N(@)® > e e | st
(m,n)€axa |mc n| [elZeu( (1 + [m| t2)
s cl“ev(uy) |m%+n‘2
(3.143)
By substituting o = |m| _Ln|t and taking the limit as € goes to oo, this becomes
mZTn) m [ ol
2x(a) "' N(a)® < / do
(m,n)zeaxa ‘m% HnfEEs fm[2Ee g (1+ a2)2+8
1 s s s ('m2 + n) m
— N B<1 ° 7) c : 3.144
m,n)eaxa
where
e et ['(@)T (y)
B = dt = 3.145
@)= [ Gt = Ty (3.145)
is the Beta function. By writing m = ¢m + r and summing over m and r we rewrite the inner sum
n (3.144) as
Z Z (r% +am + n) P (3.146)
re 4 am + n|?*s |em 4 72T’ ’

réa/ca (m,n)Eaxa

where the inner sum is restricted to (m,n) # (—r/c,0). By summing over (m, am + n) instead of
(m,n), we rewrite the sum as

1 /1 1
Y (% 0a) e (221, 0,4, (3.147)
clel® 2 c 2 c

rea/ca
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where the inner sum in the first line is restricted to (m,n) # (—r/c, —ar/c). Hence at s = 0 we get

u3

"B - 1 ar ! = - a,c,a). .
[ Be=r@ 007 ¥ 6 (L)1 (L) ~x0) D). (1)

rea/ca

It follows from (3.139) and (3.142) that when ¢ # 0:
Yuo
/ Eyo= ()™t (Gz(a)I (a 1_ d) — D(a,c, a)) ) (3.149)

0

2. Suppose that ¢ = 0. Let P.(v) the closed path pictured in Figure 6. The integrals along the

Figure 6: The path P.(7y) for c = 0. The two sides of the square are ~ translate
of each other with opposite directions.

paths [u1, ug] and [ug, ug] in Figure 6 cancel since [ug, us] = —7y[us, up] and Ex,a is I'-invariant. As
in (3.140) we have

Tuo uz (o)
/ Byo=—lim [ Eyo= / ECS (3.150)
U, ug z

E—0OO
0
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where z is the segment in Ho, obtained by moving [ug, us] to co. Since K has no non-trivial units,
we have a,d = £1 and a/d = 1. If ug = 2o + jvo, then yug = 20 + g —i—jvo Hence, the path z is
parametrized by z(t) = zo + 5 (1 —t) for 0 <t <1. At the boundary the form is

ELY = y(a) " Ga(a) (dz — d2) (3.151)
and thus
5 (00) ! b
/Ex?g = x(a)‘le(a)/O (2(t) — 2(t))dt = —x(a) ' Ga(a)I <d> : (3.152)
O

COROLLARY 3.12. The forms QE;IE = ZQ_QEX,Q are in H(Xr, OF).

Proof. We have

Yuo Yuo
/ 2E2% = 2072 Eya=0"x(a7")2®,(7) = x(a"HA(a™ 1?20, (7). (3.153)
ug [

0

By Proposition (2.3) the factor x(a)\(a)? is a unit in O for any fractional ideal a, and the result
follows from the integrality of the Sczech cocycle. O

4 DENOMINATORS OF THE EISENSTEIN COHOMOLOGY

We have seen that HéiS(Xp; C) is an h-dimensional complex vector space spanned by the forms
E, .. The Op-lattice Lgis of HéiS(Xp, C) defined by

Lpis = Bis(H' (0X1;0F)) = @  Eva0Or (4.1)
[a]eCI(K)

gives us an integral structure on H]}:iS(Xp, C), i.e Lgis ®p, C ~ HéiS(Xp, C). Another Op-lattice
is given by the integral Eisenstein classes

Ly = (XF, ﬁp) N HEIS(XF’ C) C HEljis(Xl"; (C) (4.2)
We define the denominator of the Eisenstein cohomology to be the &r-ideal
Den(Lgis) == {\ € Or| A\Lris C Lo} . (4.3)

LEMMA 4.1. The submodule Lgis does not depend on the choice of the Hecke character x.

Proof. Let us temporarily denote by £, gis and L5 gis the lattice that we obtain for two different
Hecke characters ¥ and x of infinity type (—2,0). Then ¢ = x/X is an F-valued character on the
class group of K. Since Eg, = ¢(a) 71 E, 4, we have L, pis = M L5, gis, where

M = diag(p(ar) ™. .. p(an) 7).
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Since ¢(a)" = 1, the value ¢(a) is a unit in & and M € Maty(OF). Furthermore, the determinant
of M is

det(M) = H o(a)t.

aeCI(K)

The substitution a — a~! shows that det(M) = det(M)~!. Hence det(M) = £1 and M is in
GL,(OF). O

4.1 The upper bound

We will need the following result on Dedekind determinants, of which a proof can be found in
[Lan90, Chapter. 3, Theorem. 6.1].

LEMMA 4.2. Let f any complex valued function on a finite abelian group G. Then

det(f(a™ D)apec = | (Z @(a)f(a‘1)> .

weé a€G

THEOREM 4.3. The form

1 .
—— L™ (xy oNgy/k,0)E
oD (x H/K ) X,

1s integral in O . In particular, the denominator has the upper bound

Lint(X o NH/K7 O)ﬁp C Den(ﬁEiS).

Proof. Let M, € GLj,(F) be the matrix such that

'/E\;{%l EXaul
= M, . (4.4)
E)a(l,gh EX,Clh

By Proposition 3.6, we have
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we then have

dor)= I (92 ¥ e %6

P CIE) aeCI(K)
= JI @ °Liex,0)

oeCI(K)
= JI r*®(ex.0)

0eCI(K)
= L*8(x o Ny, 0). (4.5)

We have already seen in the proof of Proposition 2.4 that for any fractional ideal a

4VDf(at) = 4\/5w’zc(f_‘)1)x(a)202(La) € Op (4.6)

is integral. Hence the matrix Mx = 4/ DM,, is in GL,(F) N Maty,(€F). Furthermore, the adjoint
matrix N, = det(M,) M ! also has coefficients in ¢ and
Ny M, = 4"'D"2N, M,
= 47'D 2 det(M,)
= 4h71D"3 det(M,)
— 4"1D" L8 (x 0 Npy ¢, 0)
= 47'D73 L™ (x 0 Ny ¢, 0). (4.7)

Applying 2N, to both sides of (4.4) we find that

E;{%l 1 EX7ul
2N. : = — —L™(yoNy/k,0 : . 4.8
X Aa.l 2\/5 (X H/K ) : ( )
g E
X>0h X,ah

Since the left hand side is integral, it follows that

1 .
—— L™ (x o Npy/x,0)Ey o, 4.9
2\/5 (X H/K ) X504 ( )

is integral for any i. O

4.2 Relation to the work of Berger

In his work [Ber08|, Berger uses the adelic setting that we will need to convert to the classical
setting. Let us suppose for the rest of this section that K has class number one. A more general
result relating the adelic Eisenstein cohomology to Sczech’s cocycle is due to Weselmann, see in
particular [Wes88, Bemerkung. 2, p. 116].
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We recall the setting of [Ber09, Section. 4.3|. Let ¢ = (¢1, ¢2) be a pair of Hecke characters on
the ideles Ay, where ¢ o0(2) = z and ¢2.(2) = 271, Hence, the character x = ¢1/¢o has infinity
type Xoo(z) = 22. Suppose that y is unramified. Let G := GLy/f, let Koo = C* - U(2). Let M; be
the conductor of ¢; and set

Kp= ] v'm,) I cLa(on) (4.10)
v|y v|My

where U (O ,,) = {k € GLa(0,)|det(k) =1 mod 9y ,} and My, is the ideal My 0,. We define

the adelic space
Sk, = GQ\G(A) /KK (4.11)

Since the class number of K is one, we have a decomposition

G(Af) = G(Q)Ky. (4.12)
This yields the isomorphism
SKf — Yp
G(Q)(goor 97) Koo K —> Tg™ ' 9o, (4.13)

where we write g5 = gky according to the decomposition (4.12), and I' = G(Q) N K.

Remark 4.1. The fact that I' = G(Q) N K¢ is only true if 1 is the only unit of &* that is congruent
to 1 modulo M. If —1 is congruent 1 modulo M, then G(Q) N Ky = GLa(¢). However this does
not make a difference for the rest of the discussion. The Eisenstein series on GL2(&)\Hs and
SLo(0)\Hs are the same, up to a potential factor 2. However this factor will be irrelevant since we
will consider the denominator away from certain primes dividing 2D.

Let g be the Lie algebra of G(R) and ¢ be the Lie algebra of K. We have an orthogonal
decomposition g = £ @ p with respect to the Killing form. We consider the following elements in

pc:

01 0 =1 1 .
(00 vo (D). selesioven.

LEMMA 4.4. After identifying p with the tangent space of Hsz at j, we have

0
X_2%

0
Y_Qa—y

_9
. Oz

u=j

S~2—

) )
u=j u=j u=j

Proof. Let us prove the statement for X. Let f(u) be a function on Hs with coordinates u =
x 41y + jv. The action of X on f at u = j is given by

(XPG) =S f@x) (115)

t=0
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where

Px (1) = exp(tX)j = (:iﬁg; zgi((?)) J. (4.16)

In the coordinates w = x + iy + jv, the map is explicitely given by

1
Ox(t) = inh(2¢),0,1) € Hy ~ R? x R 4.1
X( ) COSh(t)2 —|—Sinh(t)2 (sm ( ),0, )6 3 X R<p ( 7)

and its derivative is

'y (0) = (2,0,0). (4.18)
Hence
. af

(X)) = Px (O)du=; | = 257()- (4.19)

The computation for Y is similar.
O

Consider the Borel subgroup
a b

B(Q) = {(0 d) € GLQ(K)} . (4.20)

We have G(Q) = B(Q)T", hence (4.12) becomes
G(Af) = B(Q)Ky (4.21)
since I' C Ky. We have an isomorphism similar to (4.13):

B(Q)\G(A)/KooKf — Foo\HZS
B(Q)(goo» 95) Koo K — Loob ool (4.22)

where go = booky according to the decomposition (4.21). We have an isomorphism
Homg., (p, C* (G(Q)\G(A)/Ky)) — Q' (Ha)", (4.23)

where K, acts by the adjoint representation on p. Hence, an element &[X](goo,gf) in the space
on the left-hand side satisfies ©[X](gookoo, 9f) = W[Ad(koo) 1 X](goo, g¢). The map goes as follows.
Let u = gooj be a point in H3z and X, € T,Hgs a tangent vector at u. We define a differential form
in Ql(Hg)F by

wul(Xa) = Bl Ly Xl (goer 1) (4.24)
where Lg(u) = gu is the map induced by the action of G(R) on Hj. Similarly, we have

Homp, (p, C*° (B(Q\G(A)/Ky)) — Q' (Hs)" . (4.25)
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The Eisenstein operator considered by Berger is
Bis: Homy.. (p. C (B(Q)\G(A)/K ) — Homy. (p,C* (GQ)\G(A)/K )

5 —Es@X)9) = Y. @X](g.  (4.26)
veB(Q\G(Q)

It is immediate from the definitions that the following diagram is commutative

Homy_(p, C= (B(Q)\G(A)/Ky)) —+ Homg_ (p,C® (G(Q)\G(A)/K}))

i l (4.27)

Q! (H)"> By > QO (H3)"

Here the vertical arrows are the ismorphisms (4.23) and (4.25), and the horizontal map on the
bottom is the operator Eis we considered in (3.69).
Let ¢ = (¢1, ¢2) be as above. We view ¢ as a character on B(A) by

5(5 5) = o@n@, (4.28)

and for a complex parameter s

s/2

0. (5 7)o@ ] (1.29)

The induced representation Vj, consists of complex valued functions ¥ on G(Ay) that satisfy
U(bg) = ¢(b)¥(g) for every b € B(Ay), and W(gk) = V(g) for every k € K;. Given a func-
tion ¥ €V, , we define

wy,s € Homg (p, C™ (B(Q\G(A)/Ky)) (4.30)
by
a|l+s -
BuslX(9) = |5 Wlen)S(AdRTX) (4.31)
where
oo = <g Z) koo € B(R) Ko (4.32)

and S € Hom(p, C) is the dual of S. Berger then considers the Eisenstein class
Eis(¥, s) == Eis(wy ) (4.33)

where the operator Eis on the right-hand side is the operator in (4.26).
Since the class number of K is one, we have a unique equivalence class of cusps and the Eisenstein
series that we defined in Section 3 is

E\(u,s) = E, ¢(u,s) = Eis(v®dz) = Z v (v¥dz). (4.34)
YEL s \I'
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PROPOSITION 4.5. Let x be an unramified character on A such that xoo(2) = 22. Let ¢1 and
¢2 be two characters as above and such that x = ¢1/¢2. For any ¥ in Vy we have Eis(V¥,s) =
3 Eisy (u, 5)

Proof. Let w be the form in Q!(H;3)!' corresponding to @y s by the isomorphism (4.25). For u =
z 4+ jv a point on Hjs, the matrix

boo = (g 'j) € B(R) (4.35)

sends j to u. By (4.24), we then have
wu(Xu) = Ww s[duLy-1 Xu](boo, 1)
=o' S(dyLy-1 Xu).- (4.36)

It is immediate to check that dL,_1.X, = diag(v=', v~ v~1). Hence

a1\ 40
dngol <az u>—’U &

and we find that w = %Usdz. The result follows from the commutativity of the diagram (4.27). O

: (4.37)
J

Since K has class number one we have ' = H = K and the algebraic L-function is L#8(y o
Np/x,0) = L¥8(x,0) = $G2(Ls) and L™ (x o Np i, 0) = 2¢/DG2(Lg). Now let q be a prime
ideal of ¢ and let Den(Lgjs ) be as in (1.10).

COROLLARY 4.6. Let q be a prime ideal coprime to 2D, and suppose that K has class number
one. Then the denominator at q of the Eisenstein cohomology is exactly

Den(ﬁEi&q) = GQ(Lﬁ)ﬁq .

Proof. Since q is coprime to 2 and D we have
LM (x o Np/pe, 0104 = L™ (x 0 Npg ¢, 0)04 = Ga(Lg) 0. (4.38)
From Theorem 4.3 we know that
G2(Lg)0y C Den(Lgis) Oy (4.39)
On the other hand, by [Ber08, Theorem. 29| there is a ¥° € V,, such that
Den(Eis(¥°)) € L*8(x,0)0, = Go(Ly) O, (4.40)

The conditions of Berger’s theorem are satisfied since x is unramified and of type? xoo(2) = 22 by
the final remark in [Ber08, p. 467]. By Proposition 4.5, we have Lgisq = Eis(¥°)&; hence

Den(Lgis q) = Den(Eis(¥?)).
O

4Tt correspond to the type (—2,0) in our notation when viewed as a character on the group of fractional ideals.
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Remark 4.2. When the class number is greater than one, then the space Sk, is no longer connected
and is a disjoint union

Sk, = || T(b)\Hs, (4.41)
[bleHk

where H can be represented by ideal classes. Hence our result (Theorem 4.3) only gives a bound
on the denominator of the connected component corresponding to b = &

L™ (x oNp/x,0)0, C Den(Lgis(0)) 0y, (4.42)
where Lg;s(b) (respectively Lris(Sk,)) is the integral structure on I'(b)\H3 (respectively on Sk, ).
In particular, since EEis(SKf) = @[b] LEis(b), we have that

Den(Leis(Sk;))Oq = (| Den(Lis(6)) Ty (4.43)

To find the denominator for the connected component associated to the fractional ideal b, we need
to consider the Eisenstein series

Eyap(u,s) = x(@)7IN@)* Y n(u,c,d,s) € Q' (Hg)®. (4.44)
(c,d)€axab

associated to the cusp a. Similary we define E, 45(u,s), which is related to Ex,m[,(u,s) by the
matrix M, exactly as in (4.4). We can then define a cocycle ®,5: I'(b) — C by

yuo

cI)a,b(’Y) = X(Cl)/ Ex,a,b; (4.45)

uo

that specializes to Sczech’s cocycle when b = ¢. We do not know how prove that ®, is integral.
If we were able to show the integrality at q, we would get the lower bound

L™ (x o Np/k,0)0y C Den(Lgs(b)) O, (4.46)

on each of the connected components of Sk, by the same argument as in the proof of Theorem 4.3.
By (4.43) we would get

L™(x 0 N/, 0004 C Den(LEis(Sk,)) Oy (4.47)
After applying Berger’s result one should then get the equality
L™ (x o Npyk,0)0q = Den(Lis(Sk;,)) O (4.48)

for imaginary quadratic fields of arbitrary class numbers.
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